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English summary
The present doctoral research deals with the thermal modelling, experimental anal-
ysis, and evaluation of planar spiral inductors integrated on silicon. Inductors are
passive components which are essential for numerous electronic circuits. For very
high frequencies, the required inductance values are relatively small and thus, in-
ductors can be integrated directly on the semiconductor substrate together with the
rest of the integrated circuit. The sizes of the inductors though are still compara-
tively larger than those of other elements integrated on semiconductors. Because
of their relatively important sizes, spiral inductors can introduce non negligible in-
terferences for neighbouring circuits located on the same semiconductor substrate.
The currents flowing through the metallic interconnects produce heat. Due to the
small dimensions of the conducting parts the inductors are made of, the series re-
sistance of the spirals is relatively high, thus, high currents can cause high power
dissipation and consequently considerable temperature rises.
We approach the problem of the inductors’ thermal characterization in the
steady state as well as in the frequency domain. The steady state temperature
profile of the inductors is measured on the surface of the inductors with the use
of Infrared Thermography (IR), while it is also calculated numerically and analyti-
cally. The problem of the dynamic behaviour of the inductors is as well approached
experimentally by means of infrared thermography. The temperature response on
the surface of the inductors to a heat step function is measured. The Nyquist plot
is the tool that is used to characterize the dynamic temperature profile of the in-
ductors in the frequency domain.
In the first chapter, a general description of the integrated inductors studied
is initially given and their main loss mechanisms are described. These inductors
are made of thin metallic layers deposited on silicon integrated circuits. The in-
tegration of inductors comes with several disadvantages such as large silicon area
consumption, high Ohmic losses, high DC resistance, etc. Then, we continue
with the description of the heat transfer mechanisms that govern the dissipation
of heat from the studied devices. According to the Joule-Lenz law, the currents
flowing through the metallic interconnects produce heat. This combined with the
high series resistance of the spirals can give rise to considerable temperature rises.
Finally, the main drive behind this work is provided, explaining why thermal anal-
ysis is crucial for the design and characterization of planar spiral inductors. The
concept of thermal impedance measurements is introduced towards the end of the
chapter, and the need for dynamic thermal characterization is explained.
The second chapter is focused on an analytical modelling approach to the prob-
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lem of the steady state temperature profile calculation of a planar integrated in-
ductor. A simplification of the thermal network of these devices making use of
the thermal resistance concept is introduced. Experimental measurements of the
temperature profile of the studied inductors are provided. The measurements are
performed with the use of infrared thermographic equipment. The process of de-
veloping the analytical model is described in detail. A numerical simulation which
is compared to the analytical modelling approach is also provided in the last sec-
tions of the chapter.
In chapter 3, a semi-analytical calculation of the current distribution over the
cross section of a planar circular inductor is introduced. The current distribution
is calculated by a Fredholm integral equation technique. The system of integral
equations is solved numerically. Taking into account the axial symmetry of the
studied geometry, the mathematical problem is transformed to a two-dimensional
one. For low frequencies, the current distribution follows the 1/r behaviour as
expected. Proximity effects take over as the frequency increases. Different cases
are studied, examining the intensity of these effects on the current distribution.
The convergence of the solution is also examined.
The results of the analysis presented in chapter 3 or in other words, the current
distribution of the cross section of the segments of the inductor is used as input
for a thermal solver. It is rendered thus possible to examine the changes in the
thermal behaviour of the devices in terms of surface temperature profile and ther-
mal impedance, as the current distribution on the inductors turns is altered due to
the change of signal frequency. This analysis is performed by use of an electronic
circuits simulator SPICE. The modelling is performed based on the analogy be-
tween the thermal and the electrical networks. The thermal network in question is
described in terms of electric components, and the calculations are performed on
the electric model with the use of electric circuits simulation software. A simpli-
fied layout of the inductors in question is examined. Any external compound of
the thermal network, such as FR4 or ceramic boards are neglected. The thermal
network described as a RC network is reduced to a two dimensional one. From
the results’ analysis, it is clear that the thermal network of the device in question
is modified as the frequency of the triggering AC signal increases. This is owed to
the change of the topography of the heat source.
In chapter 5, the thermal response to a step power function of integrated in-
ductors on silicon substrate is measured experimentally. The thermal impedance
of the devices is extracted from the transient temperature measurements conducted
by use of infrared thermography. The measurement set-up is described. In addi-
tion, the procedure of capturing the temperature response, and the extraction of
the thermal impedance are also described in detail. The results are presented in
the form of Nyquist plots. The positioning of the inductors on the silicon sub-
strate relatively to each other is a defining factor of the dynamic thermal behaviour
according to the results.
In chapter 6, an analytical approach to model the thermal network of the sam-
ples measured experimentally in chapter 5 is presented. The experimental results
are compared with the outcome of the analytical modelling attempt. Initially, sim-
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ple one-dimensional analytical models of heat diffusion are implemented to sim-
plified geometries of the integrated inductors, as the complexity of the thermal
network is hard to model and represent as solution to a simple one-dimensional
problem. Different assumptions concerning the heat flow path and the diffusion of
heat are tested in order to better capture the behaviour recorded by the experimen-
tal measurements. The proposed model is finally validated against the results of
experimental measurements. The Nyquist frequency representation is used for the
characterisation of the thermal network studied.

Nederlandse samenvatting
Het voorliggende doctorale onderzoek houdt verband met de thermische modelle-
ring, het experimenteel analysie en de evaluatie van vlakke spiraalvormige induct-
anties geintegreerd in silicium. Inductanties zijn passieve elementen die essentieel
zijn voor diverse elektronische schakelingen. Bij zeer hoge frequencies zijn de
vereiste waarden eerder klein zodaning dat een integratie op een silicium plak
mogelijk wordt. In vergelijking met de andere componenten zijn de inductanties
relatief groot. Als gevolg hiervan zijn er niet te verwaarlozen interferenties met
naburige circuiten in dezelfde halfgeleiderstructuur. De stromen door de metalen
verbindingen produceren warmte. Door de geringe afmetingen van de geleidende
paden waaruit de inductantie is gemaakt, is de serieweerstand niet te verwaarlozen.
Bijgevolg kan een niet te verwaarlozen opwarming ontstaan.
Wij benaderen het problem van de thermische karakterisatie van een inductan-
tie in stationaire toestand maar ook in het frequentiedomein. De stationaire tem-
peratuurverdeling werd gemeten met infrarood thermografie (IR), en tegelijk werd
hetzelfde probleem numeriek en analytisch berekend. Het probleem van het dyna-
mische gedrag werd zowel numeriek als experimenteel met infrarood thermogra-
fie benaderd. Hierbij werd het stapantwoord van een inductantie opgemeten. De
Nyquist plot is het instrument om de dynamische resultaten weer te geven in het
frequentie domein.
In het eerste hoofdstuk wordt een algemene beschrijving gegeven van gein-
tegreerde inductanties en de voornaamste verliesmechanismen besproken. Deze
inductanties zijn gemaakt uit dunne metalen geleiders boven op een silicium sub-
straat. Dit leidt onvermijdelijk tot verschillende nadelen zoals een grote opper-
vlakte, niet te verwaarlozen Ohmse spanningsvallen , hoge DC weerstanden, enz
Vervolgens worden de warmteoverdrachtmechanismen besproken die van toepas-
sing zijn voor onze componenten. Door de wet van Joule-Lenz, zullen de stromen
door de geleiders warmte produceren. Dit in combinatie met een hoge serieweer-
stand kan aanleiding geven tot hoge temperaturen. Tenslotte wordt het basisidee
achter dit werk toegelicht: waarom is een thermische analyse cruciaal voor het
ontwerp van een geintegreerde spiraal inductantie. Daartoe wordt het begrip ther-
mische impedantie geintroduceerd aan het einde van dit hoofdstuk en daarbij de
noodzaak om ook thermisch dynamische karakteristaties uit te voerene;
Het tweede hoofdstuk is gericht op een analytisch model teneide de stationaire
temperatuurverdeling te vinden voor een geintegreerde inductantie. Een vereen-
voudiging van het thermisch netwerk wordt geintroduceerd. De metingen werden
uitgevoerd met behulp van een infratood thermografische camera. De analytische
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berekeningen worden in detail voorgesteld. Aan het einde wordt een vergelijking
gemaakt tussen de analytische berekeningen en de numerieke simulaties.
In hoofdstuk 3 wordt een semi analytische berekening voorgesteld voor de
stroomverdeling over een doorsnede van een vlakke inductantie. De stroomverde-
ling wordt gegeven als de oplossing van een Fredholm integraalvergelijking, die
dan numeriek wordt opgelost. Rekening houdend met de axiale symmetrie van de
geometrie kon het probleem herleid worden tot een twee dimensionaal probleem.
Voor lage frequencies volgt de stroom het 1/r patroon zoals verwacht. Bij hogere
frequencies wordt het nabijheidseffekt duidelijk zichtbaar. Verschillende gevallen
worden bestudeerd om de invloed op de stroomverdeling waar te nemen. Tenslotte
wordt ook de convergentie van de oplossingen onderzocht.
De resultaten van de analyses in hoofdstuk 3 of in andere woorden de stroom-
verdeling in een doorsnede van de inductantie worden nu gebruikt als input voor
de thermische analyse. Op die manier kan men de invloed nagaan op de tempe-
ratuurverdeling en de thermische impedantie tengevolge van de verandering van
de stroomverdeling in functie van de frequentie. Deze studie wordt gedaan met
behulp van de circuit simulator SPICE; Het model wordt opgebouwd door de ana-
logie tussen elektrische en thermische netwerken. Het thermische netwerk wordt
beschreven door elektrische componenten en de berekeningen worden dan uitge-
voerd op het elektrische netwerk met behulp van SPICE. Externe bestanddelen
zoals het FR4 of het keramisch substraat worden hierbij verwaarloosd. Uitgaande
van de bekomen resultaten is het duidelijk dat de resultaten afhangen van de fre-
quentie van het AC signaal. Dit wordt veroorzaakt door de verandering van de
topografie van de warmtebron.
In hoofstuk 5 wordt het temperatuurantwoord op een vermogen stap experi-
menteel gemeten met behulp van infrarood thermografie. De thermische impe-
dantie wordt berekend uitgaande van dit stapantwoord. De meetopstelling wordt
beschreven. Meer in het bijzonder wordt uitgelegd hoe het stapantwoord wordt ge-
meten en hoe de thermische impedantie eruit wordt berekend. De resultaten ervan
worden weergegeven in een Nyquist diagram. Uit de resultaten zal blijken dat de
positionering van de inductanties op het silicium substraat een duidelijke invloed
heeft op het thermisch dynamisch gedrag.
Hoofdstuk 6 geeft analytische benaderingen voor het thermische netwerk van
de componenten die in hoofdstuk 5 experimenteel werden onderzocht. De expe-
rimentele metingen worden vergeleken met de resultaten van de analytische mo-
dellen. Initieel wordt een eenvoudig een dimensional model van warmtetransport
voorgesteld. Uiteraard is hiermede geen goede overeenstemming te vinden tussen
experiment en model gezien de relatief complexe geometrie. Verschillende aanna-
mes worden dan verder onderzocht en in het model ingebouwd teneinde de ther-
mische veldlijnen beter te beschrijven. Tenslotte wordt een model voorgesteld dat
kan gevalideerd worden met de experimentele meetresultaten. Telkenmale werd
hierbij het Nyquist diagram gebruikt op het model te vergelijken met de experi-
mentele metingen.
Greek summary
Η piαρούσα διδακτορική έρευνα διαpiραγματεύεται με την θερμική μοντελοpiοί-
ηση, την piειραματική ανάλυση, και την εκτίμηση της θερμικής συμpiεριφοράς
ολοκληρωμένων εpiαγωγών σε υpiόστρωμα piυριτίου. Οι εpiαγωγές είναι piαθη-
τικά κυκλωματικά στοιχεία τα οpiοία είναι ιδιαίτερης σημασίας για μία σειρά
ηλεκτρονικών κυκλωμάτων. Σε piολύ μεγάλες συχνότητες, οι ζητούμενες τι-
μές εpiαγωγής είναι σχετικά μικρές, και συνεpiώς, οι εpiαγωγές μpiορούν να
ολοκληρωθούν αpiευθείας στο ημιαγώγιμο υpiόστρωμα μάζι με τα υpiόλοιpiα
κυκλωματικά στοιχεία. Τα μεγέθη των εpiαγωγών ωστόσο είναι συγκριτικά
μεγαλύτερα αpiό αυτά των άλλων στοιχείων των ολοκληρωμένων. Εξαιτίας
των συγκριτικά σημαντικών μεγεθών τους, οι σpiειρωειδείς εpiαγωγές μpiορούν
να εισάγαγουν μη αμελητέες piαρεμβολές στα γειτνιάζοντα κυκλώματα τα ο-
piοία είναι ολοκληρωμένα στο ίδιο piυριτικό υpiόστρωμα. Τα ηλεκρικά ρεύματα
piου ρέουν κατά μήκος των μεταλλικών διασυνδέσεων piου αpiοτελούν τις εpiα-
γωγές, piαράγουν θερμότητα. Λόγω των μικρών διαστάσεων των αγώγιμων
μερών τους, η αντίσταση των σpiειρών είναι συγκριτικά μεγάλη, και συνεpiώς,
μεγάλα σε ένταση ρεύματα μpiορούν να piροκαλέσουν μεγάλη κατανάλωση ι-
σχύος και κατα συνέpiεια σημαντικές θερμοκρασιακές αυξήσεις.
Προσεγγίζουμε το piρόβλημα του θερμικού χαρακτηρισμού των εpiαγωγών
τόσο σε συνθήκες σταθερής κατάστασης, όσο και στο piεδίο της συχνότητας.
Η θερμοκρασιακή κατανομή στην μόνιμη κατάσταση των εpiαγωγών μετράται
στην εpiιφάνεια των εpiαγωγών με χρήση υpiέρυθρης θερμογραφίας, καθώς υ-
piολογίζεται τόσο αριθμητικά, όσο και αναλυτικά. Το piρόβλημα της δυναμικής
θερμικής συμpiεριφοράς των εpiαγωγών piροσεγγίζεται εpiίσης piειραματικά με
τεχνικές υpiέρυθρης θερμογραφίας. Η θερμοκρασιακή αpiόκριση σε συνάρτηση
θερμικού βήματος piου διεγείρει τον θερμικό κύκλωμα των δειγμάτων μετράται
στην εpiιφάνεια των εpiαγωγών. Το διάγραμμα Nyquist είναι το εργαλείο το
οpiοίο χρησιμοpiοιείται για τον χαρακτηρισμό του θερμικού piροφίλ των εpiαγω-
γών στο piεδίο της συχνότητας.
Στο piρώτο κεφάλαιο, δίδεται μια γενική piεριγραφή των ολοκληρωμένων
εpiαγωγών piου εξετάζονται. Εpiίσης piεριγράφονται οι βασικοί μηχανισμοί α-
piωλειών. Οι εpiαγωγές αpiοτελούνται αpiό λεpiτά μεταλλικά στρώματα εναpiο-
θετημένα σε piυριτικές εpiιφάνειας. Η ολοκλήρωση των εpiαγωγών εpiιφέρει
ορισμένα μειονεκτήματα όpiως η δέσμευση μεγάλων εpiιφανειών, οι μεγάλες ω-
μικές αντιστάσεις, κλpi. Συνεχίζοντας, piεριγράφουμε τους μηχανισμούς θερ-
μικών αpiωλειών piου ορίζουν την αpiαγωγή θερμότητας αpiό τις συσκευές piου
μελετούμε. Σύμφωνα με τον νόμο Joule-Lenz, τα ρεύματα piου ρέουν μέσα στις
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μεταλλικές διασυνδέσεις piαράγουν θερμότητα. Το γεγονός αυτό σε συνδιασμό
με την υψηλή ωμική αντίσταση των εpiαγωγών μpiορεί να αυξήσει σημαντικά
την θερμοκρασία. Τέλος, piαρουσιάζεται το κίνητρο της piαρούσας έρευνας,
εξηγόντας γιατί η θερμική ανάλυση είναι ιδιαίτερης σημασίας για την σχε-
διάση και τον χαρακτηρισμό των εpiίpiεδων σpiειροειδών εpiαγωγών. Η έννοια
της μετρήσης της θερμικής σύνθετης εpiαγωγής εισαγάγεται στο τέλος του
κεφαλαίου, και η ανάγκη για δυναμικό θερμικό χαρακτηρισμό εpiεξηγείται.
Το δεύτερο κεφάλαιο εpiικεντρώνεται σε μια piροσέγγιση αναλυτικής μοντε-
λοpiοίησης του piροβλήματος του υpiολογισμού του θερμοκρασιακού piροφίλ μό-
νιμης κατάστασης για εpiίpiεδες ολοκληρωμένες εpiαγωγές. Εισαγάγεται στην
ανάλυση μια αpiλοpiοίηση του θερμικού κυκλώματος των συσκευών piου μελε-
τούνται. Πειραματικές μετρήσεις του θερμοκρασιακού piροφίλ των εpiαγωγών
piαρατίθενται. Οι μετρήσεις διεξάγονται με χρήση υpiέρυθρης θερμογραφίας. Η
διαδικασία ανάpiτυξης του αναλυτικού μοντέλου piεριγράφεται με λεpiτομέρεια.
Τα αpiοτελέσματα αριθμητικής piροσομοίωσης συγκρίνονται με αυτά της piρο-
σpiάθειας αναλυτικής μοντελοpiοίησης, και δίνονται στο τέλος του κεφαλαίου.
Στο τρίτο κεφάλαιο, ένας ήμι-αναλυτικός υpiολογισμός της κατανομής της
εντάσεως του ηλεκτρικού ρεύματος σε μιά διατομή της εpiίpiεδης κυκλικής σpiει-
ροειδούς εpiαγωγής piαρουσιάζεται. Η κατανομή της εντάσεως του ηλεκτρικού
ρεύματος υpiολογίζεται με την βοήθεια της τεχνικής ολοκληρωμένων εξισώσε-
ων Fredholm. Το σύστημα των ολοκληρωμένων εξισώσεων εpiιλύεται αριθμητι-
κά. Λαμβάνοντας υpiόψη την αξονική συμμετρία της εξεταζόμενης γεωμετρίας,
το μαθηματικό piρόβλημα μετατρέpiεται σε piρόβλημα δύο διαστάσεων. Για χα-
μηλές συχνότητες, η κατανομή της εντάσεως του ηλεκτρικού ρεύματος είναι
αντιστρόφως ανάλογη της αpiοστάσεως, όpiως και αναμένεται. Τα φαινόμενα
εγγύτητας αναλαμβάνουν δράση καθώς η συχνότητα αυξάνεται. Διαφορετικές
piεριpiτώσεις μελετούνται, εξετάζοντας την ένταση της εpiίδρασης αυτών τον
φαινομένων στην κατανομή του ηλεκτρικού ρεύματος. Η σύγκλιση της λύσης
piου piροτείνεται εξετάζεται εpiίσης.
Τα αpiοτελέσματα της ανάλυσης piου piαρουσιάζονται στο κεφάλαιο τρί-
α, δηλαδή η κατανομή της έντασης του ηλεκτρικού ρεύματος σε διατομή της
σpiειροειδούς εpiαγωγής χρησιμοpiοιείται σαν είσοδος για έναν θερμικό εpiιλυτή.
Συνεpiώς καθίσταται δυνατή η μελέτη των αλλάγων στη θερμική συμpiεριφορά
των ολοκληρωμένων εpiαγωγών σε σχέση με την εpiιφανειακή θερμική κατα-
νομή και την σύνθετη θερμική αντίσταση, καθώς η κατανομή της έντασης του
ηλεκτρικού ρεύματος μεταβάλεται εξαιτίας των αλλαγών στην συχνότητα του
σήματος. Η ανάλυση γίνεται με την χρήση ενός εpiιλυτή ηλεκτρονικών κυ-
κλωμάτων. Η μοντελοpiοίηση piου διεξάγεται βασίζεται στην αναλογία μεταξύ
θερμικών και ηλεκτρικών κυκλωμάτων. Το θερμικό κύκλωμα piου εξετάζεται,
piεριγράφεται με όρους ηλεκτρικών στοιχείων, και οι υpiολογισμοί διεξάγονται
στο ηλεκτρικό αντίστοιχο με χρήση piρογράμματος piροσομοίωσης ηλεκτρικών
κυκλωμάτων. ΄Ενα αpiλοpiοιημένο σχέδιο εpiαγωγής μελετάται. Κάθε εξωτερι-
κό στοιχείο του θερμικού κυκλώματος, όpiως εpiί piαραδείγματι κεραμικές εpiι-
φάνειες στις οpiοίες piροσκολούνται συνήθως τα κυκλώματα, δεν λαμβάνονται
υpiόψη. Το θερμικό κύκλωμα piεριγράφεται σαν ένα RC δίκτυο, και αpiλοpiοιεί-
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ται σε δισδιάστατο. Αpiο την ανάλυση των αpiοτελεσμάτων, είναι piροφανές piως
το θερμικό κύκλωμα του piηνίου piου εξετάζεται, μεταβάλεται καθώς αυξάνεται
η συχνότητα του σήματος piου διεγείρει το κύκλωμα. Αυτό οφείλεται στην
μεταβολή της τοpiολογίας της θερμικής piηγής.
Στο κεφάλαιο 5, η θερμική αpiόκριση σε βηματική συνάρτηση ισχύος των
ολοκληρωμένων σε piυρίτιο εpiαγωγών μετράται piειραματικά. Η σύνθετη θερ-
μική αντίσταση των συσκευών εξάγεται αpiό θερμοκρασιακές μετρήσεις κατά
την διάρκεια τής μεταβατικής κατάστασης, οι οpiοίες διεξάγονται με χρήση
θερμογραφικού εξοpiλισμού. Η piειραματική διάταξη piεριγράφεται λεpiτομερώς.
Εpiιpiλέον, η διαδικάσια καταγραφής της θερμοκρασιακής αpiόκρισης, και η ε-
piακόλουθη εξαγωγή της σύνθετης θερμικής αντίστασης piαρατίθενται. Τα
αpiοτελέσματα piαρουσιάζονται με τη μορφή διαγραμάτων Nyquist. Η θέση
των εpiαγωγών στο piυριτικό υpiόστρωμα αpiοτελεί καθοριστικό piαράγοντα της
δυναμικής θερμικής συμpiεριφοράς σύμφωνα με τα αpiοτελέσματα.
Στο έκτο κεφάλαιο, γίνεται μια αpiόpiειρα αναλυτικής μοντελοpiοίησης του
θερμικού κυκλώματος των δειγμάτων piου μελετήθηκαν piειραματικά στο piέμpiτο
κεφάλαιο. Τα piειραματικά αpiοτελέσματα συγκρίνονται με το αpiοτελέσματα
της αναλυτικής μοντελοpiοίησης. Αρχικά, αpiλουστευμένα μονοδιάστατα ανα-
λυτικά μοντέλα της διάχυσης θερμότητας εφαρμόζονται σε αpiλοpiοιημένες γε-
ωμετρίες των δειγμάτων. Η piολυpiλοκότητα των θερμικών κυκλωμάτων είναι
piολύ δύσκολο να μοντελοpiοιηθεί και να piαρασταθεί σαν λύση ενός αpiλου-
στευμένου μονοδιάστατου piροβλήματος. Διάφορες υpiοθέσεις σχετικά με τη
ροή και την διάχυση της θερμότητας εξετάζονται ώστε να γίνει καλύτερα κατα-
νοητή η συμpiεριφορά piου καταγράφηκε με τις piειραματικές μετρήσεις. Τελικά,
το piροτεινόμενο μοντέλο αξιολογείται με βάση τα piειραματικά αpiοτελέσματα.
Η αναpiάρασταση στο piεδίο της συχνότητας βάση των διαγράμματων Nyquist
χρησιμοpiοιείται για τον χαρακτηρισμο των θερμικών κυκλωμάτων piου μελε-
τούνται.
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Introduction
Inductors are passive components which are essential for a numerous electronic
circuits such as in radio frequency (RF), microwave, voltage regulators and power
delivery circuits. The devices which mostly make use of these inductive compo-
nents are amplifiers, oscillators, switches etc. with varying shape and sizes. These
inductors are made of thin metallic layers deposited on printed circuit boards, ce-
ramic substrate, or on silicon integrated circuits. For very high frequencies, the re-
quired inductance values are relatively small and thus, inductors can be integrated
directly on the semiconductor substrate with the rest of the integrated circuit. In
this way, the connection of external inductive components, such spiral inductors
made on printed circuit board or ceramic hybrid circuits can be avoided.
Standard CMOS/BICMOS technologies are allowing direct integration of in-
ductances in semiconductors structures without any additional technological pro-
cesses. With the current trend towards miniaturization of electronic products, and
the accompanying increasing demand for improved reliability and performance in-
ductors have constantly evolved from early discrete components on printed circuit
boards (PCBs) to integrated ones [1.1–1.6]. As identified by Wu [1.6], the integra-
tion of inductors is the prerequisite to the implementation of System in Package
(SiP), System on Chip (SoC), Power Supply in Package (PwrSiP) etc design in
computer and communications technologies.
The inductors are the least compatible with silicon integration with major dis-
advantages such as large silicon area consumption, high Ohmic losses, high DC
resistance, and high cost. Monolithic integrated planar spiral inductors in cur-
rent CMOS RF circuits of spiral geometry are fabricated using high level metal
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layers occupying valuable chip area. Because of their relatively important sizes
compared to other elements integrated on semiconductors, spiral inductors can in-
troduce non negligible interferences for neighbouring circuits located on the same
semiconductor structure. According to the Joule-Lenz law, the currents flowing
through the metallic interconnects produce heat. Due to the small dimensions of
the conducting parts the inductors are made of, the series resistance of the spirals
is relatively high, thus, high currents can cause high power dissipation and conse-
quently considerable temperature rises. In addition, this temperature rise can alter
the series resistance of the inductor.
1.1 Integrated inductors general description
The need that drives the integration of inductors on chips is the increasing demand
for wireless devices. The major requirement is that these devices have low cost,
low power losses; high reliability in noise and signal distortion conditions. In-
tegrated inductors fulfil these specifications and allow the fabrications of RF inte-
grated circuits. CMOS and BiCMOS technologies enabled the low cost integration
of inductors.
dout
w
din
s
Figure 1.1: Schematic layout of an square integrated spiral inductor.
In CMOS technologies the spiral is built by using one or more of the metal lay-
ers embedded in silicon oxide at some distance from the semiconductor substrate.
The silicon dioxide provides the required electrical insulation from the conducting
substrate. As seen in figure 1.1, the major geometrical parameters which describe
the topography of planar inductors are the number of turns (N ), the thickness of
the metal interconnects (w), the spacing between the windings (s) and the outer di-
ameter (dout). For RF applications the typical number of turns is 2 to 10. If a larger
value of inductance is required more turns should be designed. The thickness of
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metal interconnects ranges between 1− 30 µm. The spacing between the loops is
usually limited to the lowest value supported by the technology (1−5 µm) in order
to reduce the series resistance of the inductance. The surface available defines the
outer diameter of the inductance.
1.1.1 Loss mechanisms
As a time-varying voltage is applied between the ends of the spiral, three electrical
and one magnetic field are generated (figure 1.2).
oxide
Substrate
E3(t)
E1(t)
E2(t)
B(t)
Figure 1.2: Fields created after time-varying voltage is applied to a planar spiral
inductors [1.7]
• Magnetic fieldB(t): Any time-varying current that flows within a conductor
induces a magnetic field. This produces self and mutual inductance coupling
among the metal interconnects. This way, current is induced in the substrate
and metal tracks.
• Electric field along the spiral, E1(t): the existing voltage drop between the
two ends of the coil creates that field. This causes Ohmic losses in the spiral
due to the resistivity of the metal parts of the inductor.
• Electric Field passing through the oxide between strips, E2(t): it is gener-
ated by the existing voltage difference between adjacent strips. This creates
a capacitive coupling among the coils.
• Electric Field passing through the oxide and the substrate E3(t): it is gener-
ated as a result of the existing voltage difference between the spiral and the
substrate. This produces a capacitive coupling between the spiral and the
substrate. This capacitive coupling causes Ohmic losses in the underlying
substrate due to the displacement currents induced in the substrate.
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In this work, the focus lies on the Ohmic losses leading to heat generation
and eventually to changes in the temperature profile of the devices. For the case
of a DC current flowing through a conductor, the current distribution is uniform
over the cross-sectional surface of the conductor. As the frequency of the current
increases, the resistance is no longer constant due to the distribution being not
uniform. As we see in figure 1.3, in the case of the spiral inductor, the dependence
of the resistance on the frequency not only depends on the conductor itself (skin
effect) but also on the influence of the neighbouring strips (proximity effects) [1.7].
Capacitive coupling
Skin effect
Proximity Effect
Substrate eddy currents
Figure 1.3: Loss mechanisms of a planar spiral inductor on silicon [1.7]
In the case that an inductor is integrated on conducting substrate, some unde-
sirable effects emerge. The reason behind this effects is that the metal intercon-
nects are separated from the substrate by a layer of silicon oxide. These effects
are divided in magnetically and electrically induced. Electrically induced parasitic
effects make the inductor start acting as capacitor rather than as an inductor. As
regards the magnetically induced parasitic effects in the substrate, the alternating
magnetic field penetrates the substrate and induces voltage differences, which in
turns in the conducting substrate generates a current. These magnetically induced
current in the conducting substrate can modify the properties of the substrate, the
electromagnetic behaviour of the device, as well as its thermal behaviour as they
introduce a new heat source within the substrate [1.7].
INTRODUCTION 1-5
1.2 Heat transfer basics
There are three different ways that heat can be transferred. They can take place
simultaneously or at different times. Namely, these heat transfer mechanisms are
conduction, convection and radiation.
1.2.1 Conduction
Conduction takes place within solid bodies. Fourier law indicates how this mech-
anism of heat transfer is applied:
~q(~r, t) = −k~OT (~r, t) (1.1)
The temperature gradient ~OT induces a heat flux ~q and vice versa. The thermal
conductivity k of the material indicates how easily the heat flows through the body.
1.2.2 Convection
Contrary to solid bodies, in fluids convection is the major mechanism that indicates
how heat is transferred. In applications similar to the ones studied throughout this
manuscript, heat exchanged between the surface of a solid body and a fluid is of
interest. The heat flux perpendicular to the interface is given by the following
equation:
qn = h(~r, t) (T1(~r, t)− T0(~r, t)s) . (1.2)
As we can see, the heat transfer depends on the temperature difference of the two
media. h is the heat transfer coefficient. It depends on various factors (i.e. flow
speed of the fluids, material properties). For simplification, we require that h and
T0 (temperature of the solid body) are constant in space and time.
1.2.3 Radiation
Stefan-Boltzmann law describes the heat exchange between two ideal black bod-
ies:
qn(~r, t) = σsb
(
T 41 (~r, t)− T 40 (~r, t)
)
(1.3)
where σsb ≈ 5.67 × 10−8 W/m2K4 is the Stefan-Boltzmann constant. Assuming
that the bodies we examine have emissivity equal to 1, we can use that equation to
describe the heat exchange between them. For room temperatures, where experi-
ments are performed and the devices studied operate, the temperature differences
between the surfaces of the bodies are in the range of several tens of Kelvin. This
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way, the non-linearity of (1.3) can be disregarded using the following approxima-
tion:
qn ≈ hr (T1 − T0) , (1.4)
where hr = 4σsbT 30 is the equivalent to heat transfer coefficient as regards radia-
tion.
1.2.4 Heat diffusion equation
The Fourier law that describes the heat transfer within solid bodies (1.1), requires
that the heat is gradually absorbed within the thermal conductor. This heat leads
eventually to a temperature rise, which depends on the material’s volumetric heat
capacity Cv). According to the principle of energy conservation, in each random
portion of the body, the heat flowing out the portion, the energy stored in the
material, and the power being dissipated should be in balance. This energy balance
is written:
~O ◦ ~q(~r, t) + Cv ∂T (~r, t)
∂t
= p(~r, t), (1.5)
if expressed per volume unit. p is the volumetric power density [W/m3]. Combin-
ing with equation (1.1), one gets:
kO2T (~r, t)− Cv ∂T (~r, t)
∂t
= −p(~r, t). (1.6)
This is the heat diffusion equation. The characteristic thermal properties of the
materials k and Cv are non-linear, as they are dependent on the temperature. In the
current study, the thermal properties are assumed constant. If the non-linearities
are considered, it will be mentioned explicitly. The reason for disregarding the
temperature dependence is that throughout this work, the temperatures differences
measured or calculated almost never exceeded a couple of tens of decrees.
1.3 Need for thermal characterization of integrated
inductors
Unavoidably, the question rises; what is the driving need behind the current re-
search? Within the scope of the research the question can be rephrased to: what
differentiate the thermal behavior analysis of integrated inductors from other works
that concern the thermal characterization of transistors. The differences identified
are:
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• The size of integrated inductors is bigger than the size of transistors. Their
effective surface is considerably bigger than this of transistors and that means
that heat dissipates on larger areas. The size of the inductors also implies
that their series resistance is high compared to that of other components of
the circuitry. This increase in the series resistance and the actual surface of
the circuitry due to the presence of the inductors is an important factor of
the overall thermal behaviour of the device.
• The inductors are integrated on top of an electric insulating layer which in
the case of CMOS technologies is SiO2. The presence of the insulating
layer is required for the performance of the inductor as it provides the re-
quired electric insulation between the electrically conducting substrate and
the metal turns of the inductor. That insulating layer also acts as thermal
insulation as the thermal conductivity of for example SiO2 is much lower
than the thermal conductivity of silicon in the case of silicon substrates.
• The experimental measurement method used in this work is infrared ther-
mography as described in next subsection. Due to the limitations of infrared
thermography, the examined samples must have a significant surface of sev-
eral square micrometres magnitude. That renders the use of that technique
impossible in the case of modern transistors, while on the same time well
suited for experimental measurements of integrated inductors which occupy
larger surfaces on integrated circuitry.
In industrial applications, as the most important means of heat removal and the
main source of heat losses are mainly convection, heat conduction is considered
less essential. The dimensions of the electronic heat sources are small and in the
immediate vicinity of the source, conduction is the dominant mechanism of heat
abduction. Only further on, as the heat reaches the cooling fin of the mounting
board of the chip wafer convection can contribute to the cooling. As show in figure
1.4, more and more dense chip designs can give rise to higher heat fluxes [1.8].
The transient heat phenomena are much more important than in many other
applications; who is interested in calculating the heating time constant of a build-
ing? One transistor can have a time constant of several hours. A chip and a Printed
Circuit Board (PCB) have a time constant that lies in the millisecond range, while
the cooling fins can have a time constant of several seconds. Computers with their
casing and the package mounting (e.g. a table or a human body) have a combined
time constant of several hours. This means that if one transistor is heated, the wider
spectrum of time constant (from nanoseconds to several hours) will determine the
transient temperature rise. If a computer dissipates the same amount of heat for
an hour, no transistor will ever reach a steady state temperature. This practically
never happens [1.9]. For example, examining figure 1.5 it is obvious that the power
consumption of a portable computer fluctuates a lot under normal use.
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Figure 1.4: Chip heat flux trends [1.8]
All electronics components are temperature dependent having characteristics
which depend on the temperature. Thus, if the temperature is changing due self-
power dissipation or heated by neighbouring components, their temperature and
hence their characteristics and the electric performance of the circuit will change.
Taking into account that the thermal time constants of electronics (as described
earlier) match the frequency of modern electronic components, thermal transient
phenomena are becoming more and more important.
Not that long ago, it was a general accepted idea that temperature in electron-
ics was constant in time and uniformly spread. Dynamic analysis is now crucial
for good design. The first version of SPICE allowed temperature dependence but
only uniform temperature distribution for the whole integrated circuit. It was not
possible to have two components at different temperature. In addition, power dissi-
pation could not be calculated with the use of SPICE, only recently SPICE versions
that allowed different temperature for circuit components were made available.
Whereas a steady state thermal analysis only requires the knowledge of ther-
mal resistance the dynamic analysis needs the knowledge of thermal impedance.
This is the subject of this work. Both numerical analysis and experimental investi-
gation will be performed to define the dynamic thermal behaviour of an integrated
inductor.
1.3.1 Need for dynamic thermal impedance measurements
Thermal characterization and modeling presented throughout this work is per-
formed to a great extent in the frequency domain and makes use of phasor no-
tation. Phasor is a complex number used to represent a time-variant signal. The
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Figure 1.5: Measured and averaged power consumption of a portable computer under
normal use (using an internet browser) [1.9]
relation between the phasor X and the corresponding signal x(t) is described by
the following equation :
x(t) = Re[X exp(jωt)] (1.7)
with j the complex unit, and ω the angular frequency.
With thermal resistance being the thermal analogous of the electrical resistance
describing the difficulty introduced to a heat flux by a material section within a
thermal network, its definition is given by the equation (1.8).
Rth =
∆T
Q
(1.8)
Thermal resistance according to equation (1.8) is the temperature drop over a mate-
rial section ∆T divided by the heat flow Q. Extending the concept of the thermal
resistance in the frequency domain, the thermal impedance is defined. Thermal
impedance of a heat source (electronic component) is the ratio of the component’s
junction temperature phasor T (jω) to the power dissipated in the same junction
P (jω) as described by equation (1.9) and is expressed in K/W.
Rth(jω) =
T (jω)
P (jω)
(1.9)
The thermal impedance is used to describe the dynamic thermal behavior of heat
sources of electronic devices as it contains information regarding the transient, the
topography of the thermal network, and the thermal resistance of the device. A
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large amount of information is contained within the Nyquist plot of the thermal
impedance, with Nyquist plot being the plot of Im[Zth] versus Re[Zth]. Some
interesting properties are revealed by the use of that plot [1.10–1.14].
For devices as inductors, whose load is time-variant dynamic thermal charac-
terization and measurements are of importance. The wireless electronic devices
that make use of integrated inductors do not perform under constant load, and re-
liability, power consumption and performance issues are of high importance for
the purposes they are intended. The driving need for such an analysis and mea-
surements is the understanding of the heat conduction mechanism within the de-
vice’s thermal network and the potential benefits from a dynamic analytical ther-
mal model. Such models have been developed for [1.11, 1.15–1.18] simple heat
sources on silicon and the current work aims to extend for the case of integrated in-
ductors. Additionally, spiral inductors present an ideal opportunity to use contact-
less infrared thermographic for measuring the heat source temperature, enabling
this way the full temperature mapping of the device [1.19, 1.20].
1.4 Outline
The rest of the manuscript is organized in five chapters.
In the next chapter of the work (chapter 2), an analytical modelling approach
to the problem of the steady state temperature profile calculation of a planar inte-
grated inductor is presented. The analysis is accompanied by numerical simula-
tion results as well as infrared thermography experimental measurement data. A
simplification of the thermal network of these devices making use of the thermal
resistance concept is introduced.
In chapter 3, a semi-analytical calculation of the current distribution over the
cross section of a planar circular coil is introduced. The current distribution is
calculated by means of integral equations. Simplifying the geometry of induc-
tor, and taking into account the models symmetry, the mathematical problem is
transformed to a two-dimensional one.
The results of the analysis presented in chapter 3 or in other words, the current
distribution of the cross section of the segments of the inductor is used as input
for a thermal solver. This way it is possible to examine the changes in the ther-
mal behavior of the devices in terms of surface temperature profile and thermal
impedance, as the current distribution on the inductors turns is altered due to the
change of signal frequency. This analysis is performed by use of an electronic
circuits simulator SPICE.
Next, experimental measurements of the thermal response to a step power
function of integrated inductors on silicon substrate are presented. The thermal
impedance of the devices is extracted from the transient temperature measurements
conducted by use of infrared thermography.
INTRODUCTION 1-11
In chapter 6, the results presented in chapter 5 are compared with the outcome
of an analytical modelling attempt of the devices thermal network. The investiga-
tion of the transient thermal behavior of the integrated spiral inductors is performed
by analytical modelling. Simple-one dimensional analytical models of heat diffu-
sion are implemented to simplified geometries of the integrated inductors, as the
complexity of the thermal network is hard to model and represent as solution to a
simple one-dimensional problem. The proposed model is finally validated against
the results of experimental measurements.
Finally, the conclusions of the current work are summarized in chapter 7.
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2
Steady State Temperature Profile
In this Chapter, we introduce an analytical approach, a numerical simulation and
experimental data of the steady state thermal behavior of integrated on silicon
inductors. An analytical approach to characterize the steady state temperature pro-
file of the planar inductors surface is introduced. Also, an effort to simplify the
thermal network of these devices making use of the thermal resistance concept is
presented.
The analytical model proposed is quite simple in order to make the task of
predicting the temperature profile of the device less time and resources consum-
ing. Some crucial assumptions are made in order to simplify the thermal network.
The same structure is analysed theoretically and numerically in sections 2.4 and
2.5 respectively, in order to find the major thermal resistance paths. The results
obtained from the analytical modelling are then compared with the experimental
infrared investigation results of the inductors’ temperature profile. This compari-
son reveals the limitations of the analytical method and on the other hand also its
simplicity.
2-2 STEADY STATE TEMPERATURE PROFILE
2.1 Introduction
The work presented in this chapter is focused on steady state thermal behaviour
of silicon integrated spiral inductors. Spiral inductors are a special case of on-
chip interconnects used in integrated circuits [2.1–2.4]. Spiral inductors of this
kind allow direct integration of inductances in semiconductor structures. Because
of their relatively large sizes compared to other elements integrated on the same
semiconductor wafer, spiral planar inductors can become source of non negligible
interferences for other neighbouring circuits located in the vicinity of the inductor
[2.5–2.7].
Due to the small dimensions of the conducting paths the inductors are consist-
ing of, the series resistance of the coils is relatively high, thus, high currents can
cause high power dissipation and consequently a considerably temperature rise.
According to the Joule-Lenz law, a current flowing through a metal produces heat.
A spiral inductor is a metal interconnect conveying current. Therefore, the cur-
rent flowing through the coil heats it, changing its series electrical resistance and
changing one of the inductor key design parameters - its’ quality factor Q. In other
words, the goal of the research described in this chapter was to investigate the ther-
mal behaviour of silicon integrated spiral inductors under current stress. It must
be emphasized that in electronics and to a major extend in microelectronics, small
sized heat sources dissipating a small amount of power can give rise to relatively
high temperatures [2.8–2.10].
2.2 Problem statement
Integrated spiral inductors that are fabricated with bulk silicon technology [2.4,
2.11] are placed on top of a non-conducting SiO2 layer [2.12], separating the in-
ductors from the conducting silicon substrate. This thin SiO2 is characterized by
a much lower thermal conductivity than [doped] Si. Thus, the spiral inductor has
a higher thermal resistance. In addition, since the silicon wafer is electrically con-
ducting, alternating currents give rise to Eddy currents in the silicon substrate.
A series of inductors has been designed and integrated in silicon AMIS 0.5 µm,
CMOS, TM1P twin-tub technology [2.13] with three layers of metallization. The
geometry of the spiral inductors is shown in Fig. 2.1. All conductors have a width
of 12 µm and are separated by gaps of 2µm. The external dimensions of the
geometry are approximately 160 µm × 160µm. Note that the inductor is placed
on top of a 5 µm thick SiO2 layer over the silicon substrate.
The SiO2 layer constitutes a necessary electrical insulation between the induc-
tor and the electrically conducting substrate. On the other hand, the SiO2 layer is
characterized by a much lower thermal conductivity (k = 1.38 W/mK) in compar-
ison to Si (k = 148 W/mK). As a consequence, the oxide layer constitutes not only
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Figure 2.1: Schematic layout of the integrated inductor.
a necessary electric insulation layer but also an unwanted thermal insulation layer.
This leads to the increase of the thermal resistance of the inductor. The thermal
resistance increase imposes more stringent limitations on the maximum allowable
current.
Similar problems exist if other technologies, such as SiC, are implemented. For
the SoS (Silicon on Sapphire) technique, a thermal analysis will be more important
due to the lower thermal conductivity of the sapphire layer.
2.3 Experimental measurements
The test structures, as described in the previous section (see also Fig.2.2), were
glued on the surface of ceramic tiles. The structures we were dealing with were
characterized by a wide variety of dimensions differing even by four orders of
magnitude.
During the experiments, the temperatures have been measured using an in-
frared thermographic camera (CEDIP Titanium) with a resolution of 640 × 512
pixels - pitch size equal to 15 µm×15 µm. As administered by the manufacturer,
the value of the noise equivalent temperature difference NETD is equal to 20 mK.
The camera was equipped with a standard lens with focal length f = 50 mm
and aperture F = 2. In order to achieve the required spatial resolution and ren-
der the small inductors visible on the infrared images, a set of four anodized alu-
minium specially designed extension rings mounted between the lens and the cam-
era has been used. The extensions allowed an improvement of the spatial resolu-
tion from 88 µm to 7 µm per pixel. The resolution is calculated on the basis of
the dimensions of the inductors. The distance from the inner to the outer radius
is 40 µ (over the 3 turns of the inductor, Figure 2.1) and corresponds to 6 pixels.
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Figure 2.2: CMOS AMIS 0.5 µm technology cross-section and dimensions of the tested
spiral inductor (in µm) [2.3], (a) cross section view and (b) layout of the design.
The Rayleigh criterion is satisfied as the spectral response of the IR detector is
3.6-4.9 µm.
Before studying the structure experimentally, the effect of the rings on the
correctness of the measurements was examined with the use of a black body as a
reference. It was found that the impact of the extension rings is negligible if a)
the test object is placed close to the axis of the camera lens, b) the dimensions
of the object are small, i.e., the image is projected on a small part of the surface
of the detector array and, c) the length of the extension ring is small enough so
that the distance of the device under test from the lens is comparable to the focal
length [2.14, 2.15].
Due to the small dimensions of the pads dedicated to supply the current to the
coil (50 µm ×70 µm Fig. 2.2 (b)), two micromanipulators with triaxial tungsten
probes were used (Fig. 2.3). The first measurements were performed varying the
DC current value. A sample thermal image for a value of current I = 64 mA can
be seen in Fig. 2.3. In Fig. 2.4 the temperature along a cross section perpendicular
to the axis defined by the probes (Fig. 2.1, x = 0) can be observed. The resulting
peaks (A,B,C) correspond to areas where the silicon substrate is not covered by
metallization layer. There are also four minima observed, which correspond to the
metal ring around the coil (minima 1,4) and the coil itself (minima 2, 3). The shape
of the temperature distribution as depicted in Fig. 2.4 is caused by the difference
between the emissivity value of aluminium and that of the silicon substrate. As
shown in Fig. 2.4, the temperature difference between the minimum 2 and 3 is
derived from the fact that minimum 2 corresponds to the three parallel trails of the
coil (Fig. 2.1, y ≈ 50µm), while minimum 3 corresponds to the region over the
four parallel paths (Fig. 2.1, y ≈ −50µm).
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Figure 2.3: Thermal image of the test circuit; value of the current flowing through the
tested spiral inductor I = 64 mA. Tungsten probes visible on the sides of the inductor.
Figure 2.4: Spiral inductor apparent temperature diagram for transversal cross-section
(I = 64 mA, without the emissivity correction; scale approx. 11µm/pixel).
In order to guarantee a uniform surface emissivity, the surface has been painted
(Fig. 2.5). After obtaining a reliable electrical connection between the probes and
the pads of the inductor, the surface of the chip is covered with black matt paint.
The thickness of the paint coating is not known, neither its thermal properties.
Based on values provided in the literature [2.16] for similar spray paints, the thick-
ness of the paint coating is assumed to be 35 µm, the emissivity of its surface 0.9,
and the thermal conductivity approximately equal to 1 W/m·K. Hence, during the
experiments, the temperature on the top of the paint coating has been measured.
Therefore, in both the simulations and the theoretical analysis section, this effect
of the paint coating had to be taken into account.
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Figure 2.5: Cross section view of the integrated inductor.
As mentioned previously, throughout the measurements, a constant DC cur-
rent of 64 mA has been applied to the inductor. Taking into account a typical
spiral inductor DC resistance value of 6 Ω, the total power dissipation has been
approximately 25 mW. Due to inevitable emissivity variations and externally gen-
erated temperature gradients, two measurements have been carried out. Initially,
the temperature distribution with the power supply switched off has been recorded,
followed by a second measurement with the power switched on. In each point the
temperature difference ∆T was calculated. By doing so, we have guaranteed that
the resulting data have been caused only by the joule heating in the coil. The
measured circuit surface ∆T values along the y-axis (Fig. 2.1) and presented on
Fig. 2.6.
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Figure 2.6: The measured circuit surface ∆T values along the y-axis.
The measurements were performed at an ambient temperature of 20◦C. The
distance between the lens and the device under test was 50 cm. The accuracy
∆ of the thermographic camera as provided by the manufacturer is ±1% of the
temperature range. The uncertainty u of the measurements can be calculated by
equation (2.1) [2.17]:
u = k
√
u2A + u
2
B , (2.1)
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where uA is the uncertainty of type A which describes the dispersion of the recorded
data resulting from random (statistical) fluctuation of the temperature. uB is the
uncertainty of type B and assumes a probability distribution of the temperature,
which results from a priori knowledge about the measurement process. Coeffi-
cient k can be calculated from a student’s t-distribution table for one degree of
freedom, and probability 0.95.
Uncertainty uB is calculated by formula (2.2):
uB =
∆ ·R√
3
, (2.2)
whereR is the measured range of temperature during the measurement in ◦C (R =
2.5◦C). Uncertainty uA can be calculated using equation (2.3):
uA =
NETD√
n
, (2.3)
whereNETD (Noise Equivalent Temperature -Difference) is the sensitivity of the
thermographic camera and n the degrees of freedom. This way, the uncertainty u
can be calculated and is u ≈ 0.24◦C.
One can clearly see two peaks in the temperature distribution. The right peak
(y > 0) has a slightly higher value than the left pick. This difference is caused by
the presence of four parallel conductors for y > 0, whereas only three conductors
are available for y < 0. The distance between the two peaks is about 80 µm, which
agrees quite well with the schematic layout of Fig. 2.1.
Taking into account the maximum temperature increase of 2 ◦C (= 2 K) cor-
responding to a power dissipation of P = 25 mW, the thermal resistance of one
coil can be calculated as:
Rth =
∆Tmax
P
= 80 K/W (2.4)
2.4 Theoretical Analysis
In order to achieve an analytical approximation, the geometry of Fig. 2.1 has to be
simplified. The coil is approximated by a region between two concentric circles
with radii R1 and R2 respectively (Fig. 2.7).
From Fig. 2.1 one can get a rough estimation of the inner and outer radius
R1 ≈ 20 µm and R2 ≈ 80 µm respectively. If a power P is dissipated in the coil,
the power density p0, expressed in W/m2, is then found to be:
p0 =
P
pi(R22 −R21)
. (2.5)
As a first course of action, the influence of the SiO2 layer is not taken into
account or the heat source is assumed to be located on top of the silicon substrate.
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Figure 2.7: Layout of the model used for the theoretical analysis, (a) upper view, (b) cross
section.
In the second step, to be outlined at the end of the section, the SiO2 and the paint
layers are also taken into account.
From a thermal point of view, the silicon substrate can be considered as a half
infinite medium (z < 0), due to comparatively small dimensions of the coil. It is
common ground that a point shaped heat source of P Watts on top of a half infinite
medium gives rise to a temperature distribution given by [2.18]:
T =
P
2pikr
, (2.6)
where r is the distance from the heat source and k the thermal conductivity of the
silicon substrate. Eq. (2.6) is also known as the Green’s function or the fundamen-
tal solution [2.19, 2.20].
A uniform power density p0, as given by (2.5), can be treated as the superposi-
tion of an infinite number of infinitely small heat sources. The temperature on the
top surface (z = 0) is then found by superposition (Fig. 2.7):
T (ρ) =
p0
2pik
∫ ∫
coil
RdRdθ
r
, (2.7)
where ρ is the distance to the (Fig. 2.7) center, and r is given by:
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r =
√
R2 + ρ2 + 2Rρ cos θ. (2.8)
After some elementary manipulation one gets:
T (ρ) =
p0
pik
∫ R2
R1
RdR
R+ ρ
∫ pi
0
dθ√
1− u2 sin2(θ/2)
=
2p0
pik
∫ R2
R1
RdR
R+ ρ
K
(
2
√
Rρ
R+ ρ
)
, (2.9)
where K is the complete elliptic integral of the first kind and u = 2
√
Rρ/(R+ ρ)
the modulus.
For the particular case when ρ < R1 < R2 one can use [2.21]:
K
(
2
√
Rρ
R+ ρ
)
=
(
1 +
ρ
R
)
K
( ρ
R
)
(2.10)
so that:
T (ρ) =
2p0
pik
∫ R2
R1
K
( ρ
R
)
dR. (2.11)
Substituting w = ρ/R or dR = −ρdw/w2, Eq. (2.11) gives:
T (ρ) = −2p0ρ
pik
∫ ρ/R2
ρ/R1
K(w)dw
w2
. (2.12)
Using [2.21]: ∫
K(w)dw
w2
= −E(w)
w
, (2.13)
where E is the complete elliptic integral of the second kind. One gets finally:
T (ρ) =
2p0
pik
[
R2E
(
ρ
R2
)
−R1E
(
ρ
R1
)]
. (2.14)
In the central point where ρ = 0 and the modulus u = 0, one obtains:
T (0) =
p0
k
[R2 −R1] = P
pik (R2 +R1)
, (2.15)
knowing that E(0) = pi/2.
The results for the other regions are given hereafter. For R1 < R2 < ρ one
has:
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T (ρ) =
2p0
pik
∫ R2
R1
RdR
R+ ρ
K
(
2
√
Rρ
R+ ρ
)
=
2p0
pik
[∫ ρ
R1
RdR
R+ ρ
K
(
2
√
Rρ
R+ ρ
)
−
∫ ρ
R2
RdR
R+ ρ
K
(
2
√
Rρ
R+ ρ
)]
. (2.16)
In this case, one can substitute [2.21]:
K
(
2
√
Rρ
R+ ρ
)
=
(
1 +
R
ρ
)
K
(
R
ρ
)
(2.17)
and the equation (2.16) turns to:
T (ρ) =
2p0
pik
[∫ ρ
R1
R
ρ
dR K
(
R
ρ
)
−
∫ ρ
R2
R
ρ
dR K
(
R
ρ
)]
,
and after the substitution u = R/ρ, dR = ρdu one gets:
T (ρ) =
2p0ρ
pik
[∫ 1
R1
ρ
u K(u)du−
∫ 1
R2
ρ
u K(u)du
]
=
2p0ρ
pik
[
−E
(
R1
ρ
)
+
(
1− R
2
1
ρ2
)
K
(
R1
ρ
)
+E
(
R2
ρ
)
−
(
1− R
2
2
ρ2
)
K
(
R2
ρ
)]
(2.18)
where we have used the formula
∫
u K(u)du = E(u) − u′2K(u) with u′ =√
1− u2. Finally, it follows that:
T (ρ) =
2p0ρ
pik
[
E
(
R2
ρ
)
− E
(
R1
ρ
)
−
(
1− R
2
2
ρ2
)
K
(
R2
ρ
)
+
(
1− R
2
1
ρ2
)
K
(
R1
ρ
)]
, (2.19)
For R1 < ρ < R2 one gets from equation (2.9):
2p0
pik
∫ ρ
R1
RdR
R+ ρ
K
(
2
√
ρR
R+ ρ
)
+
2p0
pik
∫ R2
ρ
RdR
R+ ρ
K
(
2
√
Rρ
R+ ρ
)
=
2p0
pik
[∫ ρ
R1
RdR
ρ+R
(
1 +
R
ρ
)
K
(
R
ρ
)
+
∫ R2
ρ
RdR
R+ ρ
(
1 +
ρ
R
)
K
( ρ
R
)]
=
2p0
pik
[∫ ρ
R1
R
ρ
dR K
(
R
ρ
)
+
∫ R2
ρ
dR K
( ρ
R
)]
. (2.20)
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After using the following substitutions:
u =
R
ρ
, dR = ρdu, and
w =
ρ
R
, dR = −ρdw
w2
,
for the first and the second integral of equation (2.20), it follows that:
2p0
pik
∫ R2
R1
R dR
R+ ρ
K
(
2
√
ρR
R+ ρ
)
=
2p0ρ
pik
[∫ 1
R1
ρ
u K(u)du−
∫ ρ
R2
1
K(w)
dw
w2
]
= (2.21)
2p0ρ
pik
[
−E
(
R1
ρ
)
+
(
1− R
2
1
ρ2
)
K
(
R1
ρ
)
+
R2
ρ
E
(
ρ
R2
)]
,
which leads to the following:
T (ρ) =
2p0ρ
pik
[
R2
ρ
E
(
ρ
R2
)
+
(
1− R
2
1
ρ2
)
K
(
R1
ρ
)
− E
(
R1
ρ
)]
. (2.22)
A graphical representation of equations (2.14), (2.19) and (2.22) is shown in
Fig. 2.8. These results have been calculated for the following set of values: R1 =
20µm, R2 = 80µm, k = 148 W/m K, P0 = 25 mW or p0 = 1.32 × 102 W/m2.
First of all, one can notice that values calculated using that approach are lower than
the experimental ones (0.6 ◦C vs. 2 ◦C). The maximum temperature difference
(0.62 ◦C) is quite close to the temperature difference in the center of the spiral
(0.53 ◦C). The corresponding relative difference is 14.5%. Experimentally, the
maximum temperature rise is about 2 ◦C, whereas in the center of the spiral the
temperature rise is equal to 1.6 ◦C. The corresponding relative difference is 20%,
which might be considered as comparable to the theoretically calculated relative
difference.
The main discrepancy is still the absolute value of the temperature difference.
This is caused by the fact that the SiO2 layer has not been taken into account in
the previous calculations. SiO2 turns out to be a poor thermal conductor with a
thermal conductivity of only k = 1.38 W/m·K. The Si layer has two orders of
magnitude higher thermal conductivity than the SiO2 layer. It is quite reasonable
to assume that the heat flux lines can be approximated as shown by the arrows
in Fig. 2.7(b). From the inductor (heat source), the heat flows through the SiO2
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Figure 2.8: Theoretical temperature distribution on the Si/SiO2 interface.
layer perpendicularly to the Si/SiO2 interface, whereas the heat spreading in other
directions only starts in the better conducting silicon substrate. The perpendicular
heat flow (in the −z direction) through the oxide layer can be easily modelled by
a thermal resistance given by (Fig. 2.9):
z
R1 R2 paint
SiO2
Si
Figure 2.9: Heat flow in the vicinity of the heat source.
RSiO2 =
1
kSiO2
tSiO2
pi (R22 −R21)
= 192 K/W, (2.23)
where tSiO2 = 5 µm denotes the thickness of the SiO2 layer. Taking into account
that the total heat dissipation is 25 mW, the temperature drop across the oxide layer
is then:
∆T = RSiO2P0 = 4.805
◦C (2.24)
Fig. 2.10 shows the temperature distribution at the spiral/SiO2 interface. This
graph is the same as the plot of Fig. 2.8, except that for R1 < ρ < R2, the value
calculated from (2.24) has been added. Hence, we are able to take into account the
presence of the SiO2 layer. We have now a maximum value of 0.62 ◦C+4.8 ◦C =
5.42 ◦C, whereas in the center of the spiral the same value 0.53 ◦C remains valid.
This difference is higher than the experimentally recorded one.
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Figure 2.10: Theoretical temperature distribution at the spiral/SiO2 interface.
The discrepancy can be explained by the fact that the temperature has not
been measured on the SiO2 layer surface but on the extra layer of the deposited
paint coating which has been used to obtain thermographic images. The prob-
lem that arises now is the following: if ones has a temperature distribution on the
SiO2/coating interface like the one shown in Fig. 2.10, what will be the tempera-
ture distribution on top of the coating layer? An exact solution is rather difficult
to obtain because the thickness of the paint coating is not precisely known and
can only be estimated to be around 35 µm. Inside the paint layer the temperature
distribution satisfies the Laplace equation [2.22]:
52T = 0 =⇒ ∂
2T
∂x2
+
∂2T
∂y2
+
∂2T
∂z2
= 0. (2.25)
Using the separation of variables technique, one can assume that
T (x, y, z) = X(x)Y (y)Z(z). (2.26)
Substituting the previous equation into Laplace equation (2.25) one can get the
three following differential equations.
1
X
d2X
dx2
= C1 =⇒ d
2X
dx2
= −κ2X, C1 = −κ2 < 0, (2.27)
1
Y
d2Y
dy2
= C2 =⇒ d
2Y
dy2
= −λ2Y, C2 = −λ2 < 0, (2.28)
1
Z
d2Z
dz2
= C3 =⇒ d
2Z
dz2
= −µ2Z, C3 = −µ2 > 0. (2.29)
It must taken into consideration that C1, C2, and C3 should be constant and satisfy
the requirement C1 +C2 +C3 = 0 in order to satisfy the Laplace equation for the
entire region of the paint layer.
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The temperature distribution at the plane z = 0, which corresponds to the
SiO2/coating interface, must fluctuate with a spatial period L, satisfying the equa-
tions (2.15), (2.19), and (2.22) - Figure 2.10. The assumption that the values of C1
and C2 are negative leads to general solutions for X and Y :
X(x) = C cos(κx) +D sin(κx) (2.30)
Y (y) = E cos(λy) + F sin(λy). (2.31)
Forcing the arbitrary variables C and E to be zero with the right choice of isother-
mal boundary planes at distance L between them (for example at x = 0, x = L,
y = 0, and y = L), the solutions (2.30) and (2.31) seam to satisfy the need for
oscillating solution in planes parallel to the z = 0 plane. One may assume that for
x = 0 and x = L is valid to demand that T (0, y, z) = 0 and T (L, y, z) = 0 with-
out harming the generality of the solution. This leads to C = 0 and κ = npi/L.
Similarly, one can assume the same for the solution (2.31), finally getting E = 0
and λ = mpi/L. Putting that together we have:
X(x) = D sin
(npix
L
)
(2.32)
Y (y) = F sin
(mpiy
L
)
(2.33)
As mentioned earlier, the temperature distribution at plane z = 0 must fluc-
tuate with a spatial period L. Simplifying the problem, we may assume that the
boundary conditions at z = 0 may be described as:
T (x, y, 0) = G sin
(
2pix
L
)
sin
(
2piy
L
)
=⇒
X(x)|z=0 = Gx sin
(
2pix
L
)
, (2.34)
Y (y)|z=0 = Gy sin
(
2piy
L
)
, (2.35)
where G, Gx, and Gy are arbitrary values. The period of this sinusoidal functions
is equal L satisfying the need for the fluctuating temperature distribution. Thus,
we finally get n = 2 and m = 2.
In addition, the solution must also satisfy an adiabatic boundary condition on
top of the paint layer z = tp, where tp is the thickness of the paint. The general
solution of equation (2.29) is given by:
Z(z) = He
√
κ2+λ2(z−tp) + Ie−
√
κ2+λ2(z−tp), (2.36)
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where H and I are again arbitrary constants. Demanding that for z = tp the
solution for Z must satisfy the adiabatic boundary condition, meaning that the
derivative dZ/dz = 0, it is obvious that H = I , leading to:
Z(z) = H cosh
(√
n2 +m2pi(z − tp)
L
)
= H cosh
(
2
√
2pi(z − tp)
L
)
. (2.37)
Summing up, a general solution of the Laplace equation is given by:
T (x, y, z) ∝ sin
(
2pix
L
)
sin
(
2piy
L
)
cosh
(
2
√
2pi (z − tp)
L
)
, (2.38)
where L is a characteristic length denoting the spatial period of the temperature
distribution at the SiO2/paint interface level (z = 0) and tp the thickness of the
paint. The solution given by (2.38) satisfies the adiabatic boundary condition at the
top of the paint (z = tp). The formula indicates that if the temperature fluctuates
between +1 and −1 at the ground level z = 0, the fluctuation at a given height
z is reduced by an amount given by cosh
(
2
√
2piz
L
)
. At the SiO2/paint interface
we have a change of 5.42 ◦C − 0.53 ◦C = 4.89 ◦C. We may approximate the
temperature change in Fig. 2.10 graph by (2.38) using L = 100 µm. At a height
of 35 µm, the fluctuation is reduced to:
4.89/
[
cosh
(
2
√
2pitp
L
)]
= 0.43 ◦C. (2.39)
Given the distance z from the heat source, we can say that the temperature peaks
are damped by a factor of cosh
(
2
√
2piz
L
)
due to the presence of the paint layer.
The temperature measurement results presented in Fig. 2.6 show also a tem-
perature difference between maximum and minimum value (and the spiral centre)
of about 0.4 ◦C. It must be emphasized that this result cannot be considered as a
solid proof that the theory agrees with the experiment. Changing the thickness of
the paint to 30 µm yields a result of 0.67 ◦C. For a thickness of 40 µm, a value of
0.27 ◦C is obtained. We can only point out that an agreement could be obtained
with an acceptable value of the paint thickness.
One may wonder whether the experimental value (equation (2.4)) of the ther-
mal resistance 80 K/W can be in accordance with the higher value of the thermal
resistance (2.23) of the SiO2 layer, found to be 192 K/W. The explanation for this
discrepancy is again the paint layer. The measured temperature values have been
recorded on top of the paint layer. It is reasonable to assume that this value is less
than the peak temperature on the coil itself.
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2.5 Numerical simulation
The structure of the integrated inductor has been simulated using the COMSOL
software. In contrast to the theoretical analysis, the real layout of the inductor as
shown in Fig. 2.1, has been simulated electrically and thermally. First of all, an
electric current of 64 mA has been fed through the inductor. The electric part of the
simulation has been used to obtain the current density distribution in the inductor
spirals (polygon lines), from which it has been easy to calculate the power density.
This power density has been then used as the input of the subsequent thermal
simulation.
It should be noticed that there is heat generation not only in the spirals of
the inductor, but also in the two segments connecting the spiral to the external
circuit. These two segments are made from the same materials and have the same
cross sectional dimensions as the other components of the inductor. During the
simulations, the total power has been chosen again equal to 25 mW.
Figure 2.11: Numerically calculated temperature distribution of the inductor.
Fig. 2.11 shows the temperature distribution on the spiral/SiO2 interface cal-
culated along the x-axis. For positive values of the x coordinate (x > 0), the plot
of the temperature distribution has four plateaus/steps around 50µm. These steps
clearly correspond to the individual windings. Between the windings (in the cen-
tre of the inductor), the temperature drops considerably. This result agrees with
the theoretical analysis (Fig. 2.10). Assuming that within the SiO2 layer, the heat
flows in the direction depicted in figure 2.9, we can explain that behaviour. Com-
paring the thermal conductivity of silicon to the thermal conductivity of the silicon
dioxide, it is reasonable that the heat is dissipated through the lowest thermal re-
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sistance flow path. However, the temperature drop on the left and right side of
the windings is not so steep. This is due to the heat dissipation in the connecting
segments which are positioned on the x-axis. The temperature of the connecting
segments is lower, although they have exactly the same power dissipation per unit
length. This is due to the fact that the windings are close to each other, thus the
heat flows by conduction on both sides. The numerical values of the temperatures
are lower than the values obtained from the theoretical calculation (Fig. 2.10). In
section 2.2, it has been assumed that all the power has been generated between
two circles with 20 µm and 80 µm radii. The simulation took into account the real
layout, including the connecting segments. The same total power is now dissipated
over a larger area, leading to lower temperature differences.
During the simulation, the paint coating layer has also been taken into account.
This layer has a thickness of 30 µm and has been assumed to have a thermal con-
ductivity of k = 1 W/m K. The temperature on the top of the paint layer has been
calculated. The results are shown in Fig. 2.12. In this figure, the temperature vari-
ation along the y-axis has been plotted, because the experimental measurements
have also been carried out in this direction. One should notice that the agreement
with the experimental results is quite good. The peak on the right side of the curve
has a slightly higher value, because there are four parallel windings on the right
side, instead of three on the other side of the spiral. The dip in between the two
peaks is quite small and is in agreement with the experiments and the theoretical
analysis.
-200 2000
0.52
1
T(  C)
0
o
x(μm)
Figure 2.12: Numerically calculated temperature distribution on top of the paint coating.
The temperature difference between the peak and valley of the temperature
curve at the surface of the paint layer (Fig. 2.12) is approximately equal to 0.5 ◦C.
This value agrees well with the measured value of 0.48 ◦C (Fig. 2.6). Both curves
(Fig. 2.6 and 2.12) show a maximum temperature increase of around 2.0 ◦C.
It should be pointed out that the temperature difference values obtained in this
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work are quite small. This is due to the fact that low power has been used in order
to prevent circuit overheating during the experiments. In practical situations much
higher power levels are possible.
2.6 Conclusion
It has been proved experimentally that an integrated spiral inductor can have a
thermal resistance up to 192 K/W. This value is rather high if one takes into account
the fact that integrated inductors have rather large dimensions when compared to
other circuit components, like transistors. A theoretical and numerical analysis
of the same problem have proved that the main reason for such a high value of
thermal resistance is the SiO2 insulating layer, which separates the inductor from
the semiconductor substrate.
It has also been proved that the deposition of paint on the integrated circuit
has a major influence on the temperature measurements. Hence, the measure-
ments have to interpreted carefully in order to obtain the real temperature values
of the integrated spiral inductor. The conclusion is that only a combination of mea-
surements, analysis and simulation can provide a good answer to the problem of
providing a model for the thermal resistance of an integrated on silicon inductor.
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3
Current distribution in circular planar
coils
In this chapter, an semi-analytical calculation of the current distribution over the
cross section of a planar circular coil is presented. The numerical model is devel-
oped in order to be used in a heat transfer model of a circular-spiral-shaped heat
source.
The current distribution is calculated by a Fredholm integral equation tech-
nique. An external applied current source is driving the current. The integral equa-
tion technique is applied over a two-dimensional cross section of the coil while
considering infinitesimally thin windings. Taking into account the axial symmetry
of the geometry, the mathematical problem is transformed to a two-dimensional
one. The coil windings are divided into equally sized one-dimensional elements.
The resulting algebraic system is solved numerically. For low frequencies, the
current distribution follows the 1/r behavior. As the frequency increases, the in-
fluence of the proximity effect is taken into account.
In sections 3.3 and 3.4, the integral equation is presented and solved numeri-
cally. In the following section, different cases are studied examining the intensity
of these effects on the current distribution as the number of turns, the width of the
windings, and the spacing between the turns are varying. Finally, the conclusions
are presented in the final section.
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3.1 Introduction
Spiral planar inductors are widely used in amplifiers, oscillators, switches etc with
varying shape and size. These inductors are made from thin metallic layers de-
posited on printed circuit boards, ceramic substrate or on silicon integrated cir-
cuits. Various techniques are used to calculate their inductance, resistance and
quality factor [3.1]. On the other hand, little is mentioned about the current den-
sity distribution in planar spiral inductors.
At the same time, different approaches can be found in the literature for es-
timating the current density distribution in parallel conductors. These techniques
consider integral equations [3.2, 3.3] or apply a more empirical / engineering ap-
proach using partial inductance - resistance matrices [3.4].
In addition, integral equations are reported to have been used in order to solve
vector magnetic potential and current distribution problems in linear or axi- sym-
metrical strips. Integral representations have been used in [3.5, 3.6] to solve the
current distributions problems on various axi-symmetrical problems.
Similar problems have also been attacked by Kroot et. al. with a particu-
lar application to magnetic resonance imaging gradient coils [3.3, 3.7–3.9]. In
the above mentioned researches, Legendre polynomials are used as a basis func-
tion for the solutions of the integral equations. In [3.7–3.9] the Galerkin method
is applied. Moreover, the importance of proximity and edge effects, as well as
the low-frequency non-uniformity of the current distribution in the case of axy-
symmetrical coils have been underlined.
In the present chapter of this work, the proposed method is used to calculate
the current density of a planar circular coil. This semi-analytical method intro-
duces a Fredholm integral equation technique applied previously in [3.10, 3.11].
The solutions provided are in the form of multiple integrals of modified Bessel
functions and the Gauss elimination method has been used to solve the algebraic
system.
The main purpose of the ongoing investigation is to find out the temperature
distribution of spiral inductors with micrometer dimensions in an integrated cir-
cuit. It was observed experimentally using infrared thermography that the tem-
perature increase is not negligible even when the total power was in the mW
range [3.12]. This numerical model had been developed in order to be used in
a 2-dimensional heat transfer model of a circular-spiral-shaped heat source. From
the calculated current density it is quite straightforward to obtain the spatial distri-
bution of the joule losses.
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3.2 Problem statement
The proposed method calculate the current density in the cross sectional area of a
planar circular coil. The thickness of the coil is considered infinitesimally small
compared to the radii of the windings and to the skin depth for the frequencies
under consideration. As the frequency increases, the proposed method loses ap-
parently its validity as the skin depth becomes comparable to the thickness of the
coil. For the range of frequencies used in this study though, the assumption that
the skin depth is bigger than the thickness of the coil, is considered valid.
As mentioned previously, the solutions provided are in the form of multiple
integrals of modified Bessel functions. The thickness of the coil windings is con-
sidered negligible as compared to the other dimensions of the structure and thus
the system of equations has been applied on a one-dimensional cross section of the
coil. The Gauss elimination method has been used to solve the algebraic system.
The results confirm the non-uniform 1/r behavior of the current distribution for
low frequencies. For higher frequencies, the proximity effect becomes prominent
and the current distribution is heavily altered.
Figure 3.1: Circular planar coil layout.
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3.3 Integral Equation
A circular planar inductor is assumed. It consists of N turns which are concentric.
In Figure 3.1 we can see a layout of a 2-turn circular planar coil. The inductor
is triggered by an imposed source current I(n), which is the complex value of the
source current on turn (n), with n = 1, . . . , N . The total prescribed current of each
turn is equal to I0. The introduced signal generates a magnetic field which in turn
introduces eddy currents. These eddy currents alter the current distribution and
therefore the signal introduced and the magnetic field. The turns of the inductor
are considered to be very thin compared to other dimensions of the coil, and thus
the current density and the related electric field are in the xy-plane. The magnetic
field caused by the imposed current, and also by the eddy currents, is directed
along the z-axis for points in the xy-plane.
The current flows in circles sharing the same center and thus the problem is
circular symmetric and, the current density can be described as
~J = J(r) ~uθ, (3.1)
where r, θ are the polar coordinates (Fig. 3.1). Remark that all quantities are in
phasor notation unless otherwise mentioned.
The equation describing the function of eddy currents is
5× ~E = −jω ~B = −jω(5× ~A), (3.2)
where ω represents the angular frequency, ~A is the vector potential, ~E is the elec-
tric field, and ~B is the magnetic induction. From the previous equation one can
easily get by integration
~E = −jω ~A+5φ, (3.3)
where5φ is an integration constant, and φ is the scalar potential function related
to the imposed electrical field ~E0, caused by the imposed currents I(n)
~E0 = 5φ. (3.4)
Due to circular symmetry the potential related function φ can only depend on
r. It is also known that the imposed current density is related to the electric field
caused by that signal as
~
J
(n)
0 (r) = σ
~
E
(n)
0 (r), (3.5)
where n is the number of the turn under investigation,
~
J
(n)
0 (r) is the imposed
current density along the cross section of the turn n,
~
E
(n)
0 (r) is the induced electric
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field at the same point ~r on the turn (n), and σ is the electric conductivity of the
coil.
In addition, the voltage drop along one turn, at a distance r from the center of
the coil in the DC case, is described by the following equation
V (n)(r) =
∮
turn
~
E
(n)
0 (r)
~dl = E
(n)
0 2pir = C
(n). (3.6)
The voltage drop over each turn (n) remains constant and is equal to C(n) as the
radius r varies between Rn and R′n. Rn and R
′
n represent each turn’s inner and
outer radius respectively. Furthermore, the length of each turn’s arc is considered
equal to the perimeter of the circle on which it is drawn.
Although V (n)(r) is a complex representation of a sinusoidal varying quantity
(time dependent) for frequencies different than zero, equation (3.6) remains valid
as in the DC case, because ω does not appear in (3.6).
Combining the previous equations (3.5) and (3.6), one can get the following
relation
~
J
(n)
0 (r) =
σC(n)
2pir
~uθ. (3.7)
Besides, the spatial distribution of the imposed current for frequencies different
than zero (f 6= 0) is the same as for the zero-frequency case.
The imposed currents I(n) are equal to
I(n) = d
∫ R′n
Rn
~
J
(n)
0
~dr = dσC(n)
∫ R′n
Rn
1
2pir
dr =⇒
C(n) =
2piI(n)
dσ ln
R′n
Rn
, (3.8)
where n is the number of the turn into consideration, and d the thickness of the coil
assumed to be much smaller than the radius. It follows that the imposed electrical
field is given by the equation
~
E
(n)
0 = 5φ =
I(n)
dσ ln
R′n
Rn
1
r
~uθ. (3.9)
The vector potential ~A in equation (3.3) can be calculated by [3.13]:
~A(~r) =
µ0d
4pi
∫∫
S
J(r′) ~uθ′∣∣∣~r − ~r′∣∣∣ dS, (3.10)
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where S is the combined surface of the turns of the circular inductor, and µ0 is the
permeability of vacuum. Using equation (3.1) one can get
~A(~r) = A(r) ~uθ =
=
µ0d
4pi
N∑
n=1
∫ R′n
Rn
J (n)(r′)r′dr′
∫ 2pi
0
~uθ ~uθ′∣∣∣~r − ~r′∣∣∣dθ′, (3.11)
where N is the total number of turns of the coil.
The last integral in the previous equation over [0, 2pi] can be expressed by the
following equation [3.13]
∫ 2pi
0
~uθ~uθ′∣∣∣~r − ~r′∣∣∣dθ′ = 2
∫ pi
0
cos θ′dθ′√
r2 + r′2 − 2rr′ cos θ′
(3.12)
=
4
k
√
rr′
[(
1− k
2
2
)
K(k)− E(k)
]
,
where k =
√
4rr′
r+r′ .
K(k) and E(k) are the complete elliptic integrals of the first and second kind
respectively. From equations (3.3), (3.9) and (3.11) one obtains
J (l)(r) +
jωσµ0d
pi
Σ1 =
I(l)
d ln
R′l
Rl
1
r
, (3.13)
where Σ1 is given by
Σ1 =
1
4
N∑
n=1
∫ R′n
Rn
J (n)(r′)r′dr′
∫ 2pi
0
~uθ ~u′θ∣∣∣~r − ~r′∣∣∣dθ′
=
N∑
n=1
∫ R′n
Rn
J (n)(r′)
√
r′
r
[(
1− k
2
2
)
K(k)− E(k)
]
dr′
k
.
J (l) and I(l) are the current density and the imposed current of the turn in ques-
tion respectively, while r is the radius of the point whose current density is being
calculated.
Moreover, the total current of each turn is prescribed and equal to each other,
so the current density of each turn must satisfy
d
∫ R′l
Rl
J (l)dr = I0, l = 1, · · · , N, (3.14)
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where I0 is the total current on each turn, and which is equal for all turns. In
equation (3.13), the imposed current on each turn is considered as an unknown.
Thus, the system must be properly formulated with the use of equation (3.14)
giving rise to a square matrix system.
Strictly speaking, the equations (3.2) and (3.3) calculate the field distribution in
the entire space, not only inside the windings forming the coil. By using (3.10) the
3-dimensional model (or 2-dimensional if the axi-symmetry is taken into account)
is converted into an equivalent integral equation (3.13) which constitutes together
with equation (3.14) a 1-dimensional representation due to the axi-symmetry. The
latter one is discretized numerically as it will be explained in the following section.
This approach is the basic idea of the boundary element method [3.14].
3.4 Numerical solution
In order to reach a numerical solution of the integral equation (3.13), the intervals
(Rn, R
′
n) are divided into M equal elements ∆r = (R
′
n − Rn)/M . In every
element the current density is assumed to be constant. The equation (3.13) can be
rewritten in the following form
J
(l)
i +
jωσµ0d
pi
N∑
n=1
M∑
j=1
J
(n)
j Σ2 −
I(l)
d ln
R′l
Rl
1
r
(l)
i
= 0, (3.15)
where Σ2 is given by
Σ2 =
∫ j∆r+Rn
(j−1)∆r+Rn
√
r′
r
(l)
i
[(
1− k
2
2
)
K(k)− E(k)
]
dr′
k
,
r
(l)
i = (i− 1/2) ∆r +Rl is the center of the i-th interval of the l-th turn and J (l)i
is the current density of the i-th element of the l-th turn. Equation (3.14) can also
be rewritten as
d∆r
M∑
j=1
J
(l)
j = I0, l = 1, · · · , N, (3.16)
where J (l)j is the current density of the j-th element of the l-th turn. As the equa-
tions (3.15) and (3.16) should be valid forM×(N+1) points, there exists a linear
algebraic set of M × (N + 1) unknowns J1, J2,· · · , JM×N , I(1),· · · ,I(N):
AJ = H. (3.17)
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Matrix A can be represented as
A =
[
B C
D 0
]
,
where B is a (M × N) × (M × N) matrix, C is a (M × N) × N matrix, D is a
N × (M ×N) matrix and 0 is a N ×N matrix with zero elements.
Using [3.15]
E
(
2
√
u
1 + u
)
=
1
1 + u
[
2E(u)− (1− u2)K(u)] , and (3.18)
K
(
2
√
u
1 + u
)
= (1 + u)K(u), (3.19)
the non-diagonal elements of the matrix B are found to be
bij =
jωσµ0d
pi
∆r × (3.20)[
K
(
j − 1/2 + Ry∆r
i− 1/2 + Rz∆r
)
− E
(
j − 1/2 + Ry∆r
i− 1/2 + Rz∆r
)]
, j < i,
bij =
jωσµ0d
pi
∆r
j − 1/2 + Ry∆r
i− 1/2 + Rz∆r
× (3.21)[
K
(
i− 1/2 + Rz∆r
j − 1/2 + Ry∆r
)
− E
(
i− 1/2 + Rz∆r
j − 1/2 + Ry∆r
)]
, j > i.
where Ry and Rz are the inner radii of the turns to which the elements j and i
belong respectively.
Due to logarithmic singularity of the elliptic functions for arguments close
to unity, the integration over the interval ∆r should be performed carefully in
order to obtain convergent results for the diagonal elements bii. The following
approximations are then used [3.16]:
K(k) = ln
4
k′
+
1
4
(
ln
4
k′
− 1
)
k′2 + · · · , (3.22)
E(k) = 1 +
1
2
(
ln
4
k′
− 1
2
)
k′2 + · · · , (3.23)
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k′ =
√
1− k2. (3.24)
By introducing (3.22) and (3.23) in (3.15) for i = j, one gets the diagonal
coefficients after analytical integration as shown in appendix A:
bii = 1 +
jωσµ0d∆r
2pi
[
4 ln 2− 1 + ln
(
i− 1
2
+
Rz
∆r
)]
+ (3.25)
jωσµ0d∆r
2pi
1
i− 12 + Rz∆r
[
1
16
+
1
2
ln 2 +
1
8
ln
(
i− 1
2
+
Rz
∆r
)]
,
where Rz is the inner radius of the turn to which belongs the element i. The
The elements of the matrix C are given by the following equation:
ci,l =
{ 1
d ln
R′
l
Rl
1
ri
, i-th element ∈ l-th turn
0, i-th element /∈ l-th turn
(3.26)
where R′l and Rl are the outer and inner radius of the turn to which element i
belongs, i = 1, · · · ,M ×N and l = 1, · · · , N .
Matrix D is a matrix which consists of the following elements:
dl,i =
{
d∆r, i-th element ∈ l-th turn
0, i-th element /∈ l-th turn , (3.27)
where i = 1, · · · ,M ×N and l = 1, · · · , N .
Matrix H is a column matrix which consists of elements
hi =
{
I0, i = M ×N + 1, · · · ,M × (N + 1)
0, i = 1, · · · ,M ×N . (3.28)
Matrix J is the column matrix of the unknowns J1, J2,· · · , JM×N , I(1),· · · , I(N).
The algebraic set has been solved numerically with Gauss elimination method
(MATLAB matrix left divide method) [3.17] for various groups of parameters,
including frequency f = ω/2pi, N , and M .
3.4.1 Convergence
In order to evaluate the convergence of the present approach, various plots are
presented. The real parts of imposed currents I(n)real of different turns of various
inductors are plotted versus the number of elements per turn. In Figures 3.2, 3.3
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Figure 3.2: Real part of the imposed current I(n)real versus the number of elements per turn
(Nt) for 2-turns circular coils, (a) 1st turn - w = R′i −Ri = 50 µm and
s = R2 −R′1 = 110 µm, (b) 1st turn - w = 100 µm and s = 10 µm, (c) 2nd turn -
w = 50 µm and s = 110 µm, (d) 2nd turn - w = 100 µm and s = 10 µm. (i is the
number of the turn)
and 3.4, one can observe that the real parts of the imposed current for differ-
ent frequencies in one turn are converging to a value as the number of elements
increases.
In Figure 3.2, the real part of the imposed current on the turns of a two-turn
inductor is plotted for two different frequencies, f = 50 MHz and 70 MHz. The
first column corresponds to an inductor with turn width equal to w = R′i − Ri =
50 µm (where i is the number of the turn) and the second column to an inductor of
turn width equal to w = 100 µm. In addition, in the first and second row one can
see the real part of the imposed current of the first and second turn respectively.
The outer diameter of these inductors is R
′
2 = 500 µm.
In Figure 3.3, one can read the same information for two two-turn inductors
with outer radius R
′
2 = 2.5 cm. The inductor of the first column has a turn width
equal to w = 1 mm and the inductor of the second column has a turn width w = 2
mm. The frequencies chosen in this case are 1 MHz, 1.5 MHz, 2 MHz, and 3
MHz.
In Figure 3.4, the convergence of four-turn inductors with two different turn
widths w is evaluated for two different frequencies, f = 30 MHz and 40 MHz.
The first column presents the current amplitude of an inductor with a turn width
w = 50 µm and the second column of an inductor with turn width equal to w =
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Figure 3.3: Real part of the imposed current I(n)real versus the number of elements per turn
(Nt) for 2-turns circular coils, (a) 1st turn - w = 1 mm and s = 2.5 mm, (b) 1st turn -
w = 2 mm and s = 0.5 mm, (c) 2nd turn - w = 1 mm and s = 2.5 mm, (d) 2nd turn -
w = 2 mm and s = 0.5 mm.
80 µm.
According to these results, the number of elements needed to obtain a valid
solution is larger than 40 for every case studied. Furthermore, one can observe
from Figures 3.2 to 3.4 that the real part of the imposed currents is not the same
for all the turns of the inductors. As discussed earlier, the imposed currents are
considered unknowns in order to help in solving the system of equation (3.13).
The only limitation concerning the current on each turn is the total prescribed
current I0.
3.5 Results
The cases which are studied in the present work are described in detail in this
chapter. Various turn widths of turns w = R′i − Ri (i is the number of the turn)
and spacings s = Ri − R′i−1 between paths (i and i − 1 are the numbers of
the consecutive paths/turns) have been chosen to test the proposed analysis. In
addition, the number of turns has also been treated as independent variable and
two inductors with different number of turns were studied. As regards the outer
radius of the inductor, two inductors of different radii have been studied.
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Figure 3.4: Real part of the imposed current I(n)real versus the number of elements per turn
(Nt) for 4-turns circular coils, (a) 2nd turn - w = 50 µm and s = 60 µm, (b) 2nd turn -
w = 80 µm and s = 20 µm, (c) 4th turn - w = 50 µm and s = 60 µm, (d) 4th turn -
w = 80 µm and s = 20 µm.
3.5.1 Two-turns circular inductors
We first consider a two-turn planar inductor of inner radius of the inner turn R1 =
290 µm, outer radius R
′
2 = 500 µm, thickness d = 5 µm, width w = 50 µm or
100 µm. The amplitude of the total current is I0 = 1 A.
In Figure 3.5 and Figure 3.6, one can read the amplitude of the current distri-
bution |J |, current density real part JR, and the current density imaginary part JI
in the turns of two inductors of different turn width as a function of radius r for
six different frequencies f = ω/2pi = 0 Hz, 10, 20, 30, 50, and 70 MHz. The
turn width of the first inductor (Figure 3.5) is w = 50 µm while the inductor of
Figure 3.6 has a width w = 100 µm.
For low frequencies, the current distribution follows the solution for the DC
case (0 Hz). The current is not evenly distributed along the width of the strip but
the current density is higher at the inner edge of the turn than at the outer edge.
This can attributed to the inversely proportional behavior as predicted by equation
(3.7). As the frequency increases the current distribution is altered dramatically
due to the coupling between the turns.
In Figure 3.7 and 3.8, we examine two different two-turn inductors of larger
outer radius than the previous ones. The outer radius of both inductors isR′2 = 2.5
cm. The turn width w of the inductors in Figure 3.7 and 3.8 is 1 mm and 2 mm
respectively. The current density amplitude |J |, the real JR and imaginary part
CURRENT DISTRIBUTION IN CIRCULAR PLANAR COILS 3-13
JI of the current distribution are presented for the frequencies f = 0 Hz, 0.5, 1,
1.5, 2, 3 MHz. In this test case, one can easily observe the contribution of the
proximity effects on the current distribution on the turns of the inductor. As the
spacing s between the turns is getting narrower, the current crowding is enhanced.
3.5.2 Four-turns circular inductors
Figure 3.9 and 3.10 present the current distribution amplitude |J |, the real JR and
imaginary JI part of the current density for two four-turn inductors with different
turn widths w and spacings s between them. The two configurations we study
here consist of four strips each. For both of them the inner and outer radii are
R1 = 120 µm and R′4 = 500 µm respectively. The inductor in Figure 3.9 has
a turn width w = 50 µm and spacing between the strips s = 60 µm, while the
inductor in Figure 3.10 has turn width w = 80 µm and spacing s = 20 µm. The
frequencies considered here are f = 0 Hz, 5, 10, 20, 30, and 40 MHz
Once again, the current distribution follows the 1/r behavior for low frequen-
cies. As the frequency increases, the current density is enhanced at the edges of
the strips, maintaining though the higher values on the inner edge when compared
with current density at the outer edge of the same strip.
At higher frequencies, the 1/r behavior of the current density is not valid any
more. More specifically, the second case investigated in subsection 4.1 - Figure 3.8
- shows that the current distribution of the outer turn is ultimately disturbed and
the current density is higher at the outer edge than at the inner edge of the strip for
frequencies higher than 3 MHz in the case of the narrow turn inductor (Figure 3.7),
and for frequencies higher than 1 MHz for the wide turn inductor (Figure 3.8).
3.5.3 Joule losses
Finally, for all the cases studied the Joule losses along the cross section of the
coil could be calculated. The conductor has an electrical conductivity equal to
σ = 5.69 × 107 S/m. The Joule losses can be calculated according to P =
|J |2 /σ. Therefore, the current density distribution can directly be transformed
to Joules losses. The behavior of the losses distribution is directly derived from
the current density distribution. These results can then be easily introduced to an
AC frequency thermal solver as boundary conditions. The implementation of the
thermal solver will be discussed in the following chapter.
3.6 Conclusion
In this chapter the field problem of a circular shaped planar inductor, triggered by
a sinusoidal current has been investigated for the case of eddy currents and prox-
imity effects and their contribution to the current density distribution in the cross
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sectional area of the inductor. The problem has been connected analytically to
an integral equation. The original problem is a 3-dimensional one, but assuming
circular symmetry, it has been modified into a 2-dimensional one. Finally, after
assuming that for the frequencies under consideration the skin depth is far smaller
than thickness of the planar coil, a one-dimensional problem is formulated. The
one-dimensional way of handling the problem saves memory storage and makes
the code applying the semi-analytical solution much faster. This approach simpli-
fies drastically the problem.
For low values of frequency f the proximity effects can be neglected, but as
the frequency increases the current density is heavily modified. The eddy cur-
rents become stronger with the frequency increase and thus the proximity and skin
effects at the edges of the conductors become enhanced. Therefore, the linear al-
gebraic set ought to be adjusted in order to model the skin and proximity effect by
increasing the number of elements.
One can observe in Figures 3.5- 3.5 that for low frequencies the current dis-
tribution is following the 1/r spatial behavior as predicted by equation (4.7). In
the same figures, it is easily anticipated that as the frequency is increasing, the
proximity effect becomes prominent. The integral equation (3.13) suggests that
the spatial distribution of the current will be altered and this prediction is verified.
The current distribution results in the circular planar coils, as presented in this
chapter, are to be introduced to an AC frequency thermal solver as boundary con-
dition in chapter 4. The assumption of infinitesimally thin windings may hinder
the validity of the method for higher frequencies but it is intended to simplify the
boundary conditions of the heat solver. Therefore, it will be possible to investi-
gate the behavior of the thermal impedance of the heat source as the frequency
of the electric current is varying. The simplicity of the results of electromagnetic
problem as well as their rapid acquisition are crucial for the AC frequency thermal
simulations as the solver used is two-dimensional and thus more time and memory
consuming.
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Figure 3.5: Current density amplitude |J | (a), real JR (b) and imaginary JI (c) part of
2-turn inductor with R′2 = 500 µm, s = 110 µm and w = 50 µm for frequencies 0 Hz (1),
10 MHz (2), 20 MHz (3), 30 MHz (4), 50 MHz (5), and 70 MHz (6).
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Figure 3.6: Current density amplitude |J | (a), real JR (b) and imaginary JI (c) part of
2-turn inductor with R′2 = 500 µm, s = 10 µm and w = 100 µm for frequencies 0 Hz (1),
10 MHz (2), 20 MHz (3), 30 MHz (4), 50 MHz (5), and 70 MHz (6).
CURRENT DISTRIBUTION IN CIRCULAR PLANAR COILS 3-17
(a)
(b)
(c)
275
225
250
300
175
200
20.5 24.0 2521.0 21.5 24.5
r [mm]
|J| [MA/m2]
R1 R2 R΄1 R΄2 
125
100
75
25
50
150
-25
0
r [mm]
20.5 24.0 25.021.0 21.5 24.5
JI [MA/m2]
260
240
220
180
200
r [mm]
20.5 24.0 25.021.0 21.5 24.5
JR [MA/m2]
4
5
2
1
3
6
0 Hz
0.5 MHz
1 MHz
1.5 MHz
2 MHz
3 MHz
Figure 3.7: Current density amplitude |J | (a), real JR (b) and imaginary JI (c) part of
2-turn inductor with R′2 = 2.5 cm, s = 2.5mm and w = 1 mm for frequencies 0 Hz (1),
0.5 MHz (2), 1 MHz (3), 1.5 MHz (4), 2 MHz (5), and 3 MHz (6).
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Figure 3.8: Current density amplitude |J | (a), real JR (b) and imaginary JI (c) part of
2-turn inductor with R′2 = 2.5 cm, s = 0.5mm and w = 2 mm for frequencies 0 Hz (1),
0.5 MHz (2), 1 MHz (3), 1.5 MHz (4), 2 MHz (5), and 3 MHz (6).
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Figure 3.9: Current density amplitude |J | (a), real JR (b) and imaginary JI (c) part of
4-turn inductor with R′4 = 0.5 mm, s = 60 µm and w = 50 µm for frequencies 0 Hz (1),
5 MHz (2), 10 MHz (3), 20 MHz (4), 30 MHz (5), and 40 MHz (6).
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Figure 3.10: Current density amplitude |J | (a), real JR (b) and imaginary JI (c) part of
4-turn inductor with R′4 = 0.5 mm, s = 20 µm and w = 80 µm for frequencies 0 Hz (1),
5 MHz (2), 10 MHz (3), 20 MHz (4), 30 MHz (5), and 40 MHz (6).
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Numerical models of thermal networks
In chapter 3, an integral equation approach to solve the problem of current distri-
bution of planar circular inductors was presented. In this chapter, the results of
this analysis are introduced as input to a numerical solution of the heat transfer
problem.
One dimensional analytical models can be implemented to simple geometric
structures, mostly for structures of infinite dimensions, and for point heat sources.
Such models are described in chapter 6 in an attempt to evaluate a series of exper-
imental measurements. As the geometry of the thermal networks is getting more
complex, the structures are to be modelled numerically. The main purpose of the
research described in this chapter is to examine the changes in the behaviour of the
thermal networks in terms of surface temperature profile of the device under test
and of thermal impedance, as the current distribution of the inductors is altered
due to the change of signal frequency.
The modelling is performed through the use of the analogy between the thermal
and electrical networks. The complex system in question is described in terms
of electric components, and then calculations are performed on the electric model
with the use of software designed to simulate electronic circuits - SPICE. In section
4.2, the conventions used to connect the heat transfer problem to the electrical one
are described. The results of the analysis are presented in section 4.3.3.
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4.1 Introduction
There are several commercial software for simulations of thermal networks, as
for example Ansys and Comsol [4.1, 4.2]. These programs provide an option for
easy analysis of transient and steady state thermal phenomena. On the other hand,
they do not provide an friendly option for frequency domain analysis which is
indispensable for thermal analysis of complex structures [4.3, 4.4]. For this pur-
pose, using the analogy between the electrical and thermal networks, the thermal
networks components are replaced by their electrical analogous leading to an elec-
tric model [4.5, 4.6]. The calculations are then performed on the electric model
with the use of software for analysis of electronic circuits, which in this case is
SPICE [4.7, 4.8].
In the case of more complex systems, a description of the thermal network is
created through a list of components, avoiding this way the use of the graphical
interface for the creation of the model. The use of the graphical user interface is
rendered impossible by the complexity of the structure and the number of nodes to
be modelled. This description of the model constitutes the input file for the SPICE
solver. This list contains actually a list of all the nodes and components of the
network and is called Netlist [4.9].
SPICE-like simulators are commonly used for thermal or coupled electrother-
mal simulations of different types of devices. Reduced or compact models for
electronic or optic devices have been proposed and used widely describe or pre-
dict their behaviour [4.10–4.13]. The ability to solve both the electric and thermal
problem and possibly coupling them using the electric-thermal analogy renders
them quite useful in this kind of analysis [4.8, 4.11, 4.14]. When the calculation of
a temperature distribution is required, the use of distributed thermal network mod-
els is preferred [4.15–4.20], where again SPICE-like solvers are used. Distributed
thermal circuits are used both for two- and three-dimensional simulations.
4.2 Problem statement
For the purpose of evaluating the thermal behavior of a circular planar inductor on
silicon wafer as the frequency of the current source is varying, a Netlist describing
a simple model is created. In general terms, the model is created according to
the conventions that will described in sections 4.2.1 to 4.2.5. In Fig. 4.1 we can
see a sample layout of the structure used for the purposes of the investigation. The
conventions describing the analogy between the thermal and electrical components
are presented in Table 4.1.
In the model developed during this work, the different layers of the device
were divided into small fragments consisting of resistors and capacitors, repre-
senting the thermal resistance and the thermal capacity respectively. Rtha is the
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Figure 4.1: Schematic layout of the integrated inductor.
Thermal parameters Electrical Parameters
Rth [K/W] Rel [Ω]
Cth [J/K] C [F]
T [K] V [V]
P [W] I [A]
Tamb [K] GND
Table 4.1: Matching between thermal and electrical parameters
thermal resistance value between the structure’s surface and the surroundings. For
each fragment of the structure which is adjacent to the surface the thermal resis-
tance Rtha is dependent on the convection coefficient h and the surface of the heat
transfer. It should be noted that the value of the thermal resistance Rtha does not
depend on the thermal conductivity k of the material. However, the thermal re-
sistance Rth between different fragments of the structure depends on the thermal
conductivity of the material, and the thickness of the fragment ∆z(n), where (n) is
the index of the corresponding layer to which the fragments belongs. The value of
the thermal resistance Rth also depends on the width ∆r of each element in the r
direction (Fig. 4.3). Similarly, the heat capacity Cth of each fragment is a function
of its volume and the thermal properties of the material of the corresponding layer
(n) (eg. specific heat cp and density ρ).
As it can be noticed in Fig. 4.1, the structure under investigation consists of 3
different layers. The properties of the materials, as well as the geometrical proper-
ties of each layer are given in Table 4.2. Due to the axial symmetry of the problem,
the model developed is two-dimensional. As seen in Fig. 4.2, each layer is divided
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Figure 4.2: Layout of a layer’s discretization.
in different number of elements in the z-direction. In the r-direction, each layer is
divided in the same number of elements. It should be mentioned though that the
value of ∆r is varying in an attempt to make the discretization coarser and thus
the calculations less demanding. The variable rinner is the radius where the value
∆r is changing from ∆r1 to ∆r2. The number of fragments n
(1)
r is 22 for the
region where r < rinner, while for the region where r > rinner the number of
fragments n(2)r varies within the given set of values [56, 112, 168, 224, 280, 336]
as described later on in section 4.3.1. The convergence of the solution is studied
as the number of elements per turn is increasing. The number of fragments for
each layer n(n)z is given also in Table 4.2. As regards the fragments on the edges
of the two-dimensional model, their thermal resistance, convection thermal resis-
tance, and heat capacitance is modified according to the relations described in the
following sections.
4.2.1 Thermal resistance
The value of the thermal resistance between two components (nodes) in the r di-
rection of the numerical model are based on the equation (4.1):
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Layer 1 2 3
Material paint SiO2 Aluminium Si
σ [S/m] 5.69 · 107
ρ [kg/m3] 1800 2201 2700 2330
cp [J/kg·K] 1100 733 897 710
k [W/m·K] 1 1.49 237 149
∆r1 [µm] 2 2 2 2
∆r2 [µm] 0.2 0.2 0.2 0.2
∆z [µm] 1.11 0.556 0.556 15.789
nz 10 10 1 20
rinner [µm] 44 44 44
Table 4.2: Material and mesh properties of the model
R
(r)
th =
L(r)
S(r) × k(n) =
∫ R(m+1)
R(m)
dr
2pik(n) r ∆z(n)
=
1
2pik(n) ∆z(n)
ln
(
R(m+1)
R(m)
)
, (4.1)
where S(r) and L(r) are the surface and the length of the fragment between the
nodes in the r direction respectively. ∆z(n) is the thickness in the z direction of the
elements of layer (n), k(n) is the thermal conductivity of the corresponding layer
(n), and R(m) and R(m+1) are the radius of the nodes (m) and (m+1) respectively.
The thermal resistance in the r direction of the elements that lie on the upper or
lower surface of the structure (z = 0 or z = c), or the thermal resistance of the
elements at the interfaces between the different layers (z = a or z = b) is given by
the equation (4.2):
R
(r)
th =
1
pik(n) ∆z(n)
ln
(
R(m+1)
R(m)
)
, (4.2)
due to the fact that dimension in the z direction ∆z(n)surface of the elements lying
on the upper surface is half the ∆z(n) dimension of the internal elements.
The thermal resistance between two nodes in the z direction of the numerical
model are given by the equation (4.3):
R
(z)
th =
L(z)
S(z) × k(n)
=
∆z(n)
k(n)pi
[(
R(m) +
∆r
2
)2 − (R(m) − ∆r2 )2] . (4.3)
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Figure 4.3: Example of the discretization of the model.
The are no nodes placed on the axis of symmetry. The elements next to the axis
have a thermal resistance given by the following equation (4.4):
R
(z)
th =
∆z(n)
k(n)pi
[
R2(m) −
(
R(m) − ∆r2
)2] . (4.4)
Similarly, the nodes at the outer surface of the structure have thermal resistance
given by equation (4.5):
R
(z)
th =
∆z(n)
k(n)pi
[(
R(m) +
∆r
2
)2 −R2(m)] . (4.5)
4.2.2 Heat capacity
The heat capacity of the different layers’ elements are given by the equation (4.6):
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Figure 4.4: Parameters of the numerical model.
C
(n)
th =m c
(n)
p = ρ
(n) c(n)p
∫ R(m)−∆r2
R(m)+
∆r
2
2pi r ∆z(n) dr =
=ρ(n)c(n)p pi∆z
(n)
[(
R(m) +
∆r
2
)2
−
(
R(m) − ∆r
2
)2]
, (4.6)
where m is the mass concentrated around the node, ρ(n) is the density of an el-
ement in the corresponding layer, c(n)p is the specific heat capacity of the layer
(n). Elements that lie on the edges of the structure are modified accordingly. For
example, the heat capacity of an element at the outer boundary of the cylinder is
given by equation (4.7):
C
(n)
th = ρ
(n)c(n)p pi∆z
(n)
[
R2(m) −
(
R(m) − ∆r
2
)2]
. (4.7)
Fragments that are located on the upper or lower surface of the cylinder (z = 0
or z = c), or at the inner interfaces between the layers (z = a or z = b), are
characterized by a heat capacity given by the following equation (4.8):
C
(n)
th =
1
2
ρ(n)c(n)p pi∆z
(n)
[(
R(m) +
∆r
2
)2
−
(
R(m) − ∆r
2
)2]
. (4.8)
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4.2.3 Convection thermal resistance
The convection thermal resistance between an element of the structure’s surface
and the environment in the r direction is given by the following equation (4.9):
R
(r)
tha =
1
h S
=
1
h 2pi∆z(n)R(m)
, (4.9)
where S is the fragment’s surface exposed to convection, while the thermal resis-
tance R(z)tha in the z direction can be calculated by equation (4.10):
R
(z)
tha =
1
hpi
[(
R(m) +
∆r
2
)2 − (R(m) − ∆r2 )2] . (4.10)
The nodes at the bottom surface of the model (z = c) are assigned zero R(z)tha
thermal resistance in order to supply the required ground boundary condition for
the electric solver. This surface is assumed to be at reference temperature Tamb.
Special cases are considered the nodes at the intersections of the cylindrical surface
and the planar surfaces at the top and bottom of the structure (r = r0 and z = 0
or z = c), as well as the nodes at the interfaces between two layers (r = r0 and
z = a or z = b). We have:
Rtha =
1
2pih ∆z(n)R(m)
+
1
pih
[
R2(m) −
(
R(m) +
∆r
2
)2] (4.11)
for the case of intersection between the cylindrical surface and the top planar sur-
face of the structure (r = r0 and z = 0), and
Rtha =
1
pih
(
R(m) +
∆r
2
)2 (4.12)
for the convection thermal resistance of the node lying next to the axis of symme-
try (Fig.4.4). The convection thermal resistance of the elements at the interfaces
between two layers (r = r0 and z = a or z = b) is given by equation (4.13):
Rtha =
1
pih ∆z(n)R(m)
. (4.13)
4.2.4 Metal turns
Nothing has been mentioned yet about the fragments corresponding to the region
occupied by the metal turns. Thermal resistances and heat capacities have been
added between adjacent nodes in these areas of the numerical model. The thermal
resistance was calculated by the following equation (4.14):
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R
(metal)
th = C1
1
k(metal)2pi∆z(n)
ln
(
R(m+1)
R(m)
)
, (4.14)
whereR(metal)th is the thermal resistance between two adjacent nodes in the r direc-
tion, and k(metal) is the thermal conductivity of the metallization. C1 is a variable
calculated on the basis of comparison between the thickness of the metal layer
and the distance ∆z(n) between two adjacent nodes in the z direction for the layer
where the metallization is deposited. In order to avoid the use of multiple layers of
nodes for the representation of the metal metallization, while the thickness of the
metal layer may be arbitrary in comparison with ∆z(n), only one layer of nodes is
used, incorporating therefore thermal resistance only in the r direction.
Similarly, the heat capacity of the metal turns of the inductors is given by
(4.15):
C
(metal)
th = C2ρ
(metal)c(metal)p pi ∆z
(n)
[(
R(m) +
∆r
2
)2
−
(
R(m) − ∆r
2
)2]
,
(4.15)
according to the equation (4.6). C2 is calculated in the same way as the variable
C1 for the case of the thermal resistance, ρ(metal) and c
(metal)
p are the density and
specific heat of the metal respectively.
4.2.5 Heat sources
As presented in Table 4.1, through the use of the analogy between the thermal el-
ements and the electrical elements, the heat transfer network is described as elec-
trical network were the heat source is replaced by ideal current sources. The heat
source is accurately reproduced as a summation of discrete heat sources depending
on the density of the grid discretization. As the density of the grid is increasing,
the number of ideal sources supplying the energy to the system increases accord-
ingly. We should also keep in mind that the heat source definition is provided by
the numerical analysis of the current density problem described in chapter 3 and it
is not homogeneous. Therefore the density of the grid in the r direction must be
the same with the one used for the analysis of the current density problem.
The input data of the current density Jampl [A/m2] are received by the analysis
presented in chapter 3. The value of Joule losses p are normalized in the θ direction
[W/m] for each node of the heat source. Therefore, the value of the ideal current
source representing each elemental heat source, is given by the following equation
(4.16):
p = I2(m)R
(m)
el =
2pi ∆z(n)
σ ln
(
R(m+1)
R(m)
) (J (m)ampl ∆r(n))2 . (4.16)
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where the electric resistance of the element adjacent to the nodes (m) and (m+1) is
given by:
1
R
(m)
el
=σ
S(φ)
L(φ)
= σ
∫ R(m+1)
R(m)
∆z(n) dr
2pi r
=
σ ∆z(n) ln
(
R(m+1)
R(m)
)
2pi
,
with I(m) = J
(m)
ampl∆z
(n) ∆r(n) being its current, S(φ) and L(φ) being the sur-
face and length of the specific element under question, J (m)ampl the current density
corresponding to this element , and σ the electrical conductivity.
4.3 Numerical simulations
Using the previously presented mathematical expressions, the values of the indi-
vidual elements’ thermal properties of the axisymmetrical two-dimensional ther-
mal model were calculated. During the calculations, the density of the mesh, the
value of the heat transfer coefficient, and the geometrical and material properties
of the paint layer were assumed to maintain a constant reference value. The vari-
ation of these properties (density) would definitely modify the performance of the
solver and the validity of the results [4.16]. On the other hand, the main purpose
of this work was to examine the impact of the heat source geometry variation on
the thermal behaviour of the examined device, and more specifically its thermal
resistance.
As shown in [4.21], for low values of simulation frequency, the results of the
simulation are similar while the density of the discretization grid is increasing.
However, as the frequency increases the results of the calculations increasingly
diverge from each other. In these cases, it is obvious that more complex models
are needed in order to obtain more accurate results. One should not forget though
that the quality of the mesh was also important for the current density calculations
- section 3.4.1.
4.3.1 Convergence
In order to evaluate the convergence of the present approach, various plots are
presented. In Figure 4.5, the mean value of the transfer thermal resistance [4.22–
4.24], as calculated by the proposed numerical analysis, at the SiO2/paint (z = a)
interface of the inner (first) and the outer (third) turn versus the number of elements
per turn nturn is presented, while in Figure 4.6 the mean value of the transfer
thermal resistance of the inner and outer winding’s on top of the paint coating is
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Figure 4.5: 1) Mean transfer thermal resistance on the SiO2/paint interface of the inner
(1st) turn vs the number nturn for frequencies of imposed current a) 80 MHz, b) 0.8 GHz,
and c) 8 GHz. 2) Similarly for the outer (3rd) turn in d) 80 MHz, e) 0.8 GHz, and f) 8 GHz.
plotted. The transfer thermal resistance is calculated at each point of the surface
(z = 0) by division of the temperature rise with the heat flux (in the thermal
network). The transfer thermal resistance can also be described as temperature
difference normalized to the heat flux. One can observe that the thermal resistances
for different frequencies of the imposed AC current are converging to a single value
as the number of elements increases.
In Figure 4.5.1, the mean transfer thermal resistance on top of the metal layer
of the inner (first) winding of the circular planar inductor is presented as a function
of the number of elements per turn for the different frequencies a) 80 MHz, b) 0.8
GHz and c) 8 GHz of imposed current to the 3-turn inductor. For numbers of
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Figure 4.6: 1) Mean transfer thermal resistance on top of the paint surface over the inner
(1st) turn vs the number nturn for frequencies of imposed current a) 80 MHz, b) 0.8 GHz,
and c) 8 GHz. 2) Similarly for the outer (3rd) turn in d) 80 MHz, e) 0.8 GHz, and f) 8 GHz.
elements grater than 50 the value of thermal resistance is converging to a different
value for each frequency.
Similarly, the mean transfer thermal resistance versus the number of elements
per turn over the outer (3rd) turn and on the metal/paint (z = a) interface is pre-
sented in Figure 4.5.2. The frequencies of the imposed electrical signal are again
chosen a) 80 MHz, b) 0.8 GHz and c) 8 GHz as before. One can again observe that
for number of elements grater than 50 the mean thermal resistance is converging
to a single value.
Repeating the same analysis for the top surface of the paint layer (z = 0), one
can get the Figures 4.6.1 and 4.6.2. In Figure 4.6.1 the mean transfer thermal resis-
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tance over the inner (1st) turn on top of the paint layer is plotted versus the number
of elements per turn for frequencies of the AC imposed current a) 80 MHz, b) 0.8
GHz, and c) 8 GHz. For the outer turn of the inductor, the average normalized
temperature rise on top of the paint layer versus the elements per turn is depicted
in Figure 4.6.2. As previously, the transfer thermal resistance for both cases is
converging to a single value; yet, one can observe a slight change in the thermal
behaviour between the inner and the outer turn. The mean thermal resistance of
the inner turn is increasing while the one of the outer turn is decreasing.
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Figure 4.7: 1) Current densities and 2) Joule losses normalized to the ∆r dimension of
each element for the frequencies a) 1.6 · 10−6 Hz, b) 80 MHz, c) 0.4 GHz, d) 0.8 GHz, e) 4
GHz, and f) 8 G Hz.
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4.3.2 Current Density
The current density on the turns of planar circular inductor is presented in Fig. 4.7.1.
Based on the power dissipated in the structure the Joule losses are calculated -
Fig. 4.7.2. The value of distance between the nodes in the vertical direction ∆z(n)
is different for each layer (Table 4.2), while the ∆r distance between the nodes in
the r direction is varying with the radius of the node and is given also in Table.
4.2. The heat transfer coefficient is considered constant and equal to the reference
value of h = 20 W/m2 K.
4.3.3 Results
In Figure 4.8, the temperature-rise profile on the paint/SiO2 interface normalized
to the total power P [W] dissipated in the structure is presented for the frequencies
of the electrical signal a) 1.6 · 10−6 Hz, b) 80 MHz, c) 0.4 GHz, d) 0.8 GHz,
e) 4 GHz, f) 8 G Hz. The variable presented in the y-axis can be described as
transfer thermal resistance for each point at z = a as the power is dissipated over
a larger surface and is not concentrated on a specific point. Similarly, in Fig. 4.9,
the temperature rise profile on the paint surface is depicted.
In terms of transfer thermal resistance, the thermal behaviour of the structure
seems to alter as the frequency of the electrical signal in the turns of the circular
inductor is increasing. The maximum temperature tends to concentrate towards
the axis of the axisymmetric structure with increasing frequency. Due to the high
frequency eddy current and proximity effects described in Chapter 3, the electric
current distribution is heavily affected as the AC frequencies increases (Fig. 4.7).
Thus, the topology of the heat source is modified, favouring a current flow at the
inner edges of each turn of the inductor. This shift in the current density leads to
a change in the heat flux and eventually to a change in the temperature rise profile
calculated at the paint/SiO2-interface and at the paint surface. Even if the steps in
the temperature rise profile seen in Fig. 4.8 are not visible in Fig. 4.9, this shift in
the maximum temperature towards the centre is observable in both figures.
In Figures 4.10 and 4.11, the Nyquist representation of the complex transfer
thermal impedance at the center of the 1st turn (ρ = R
′
1+R1
2 ) on top of the paint
surface (z = 0) and the paint/SiO2 interface (z = a) are presented. Taking into
account the plot of the Fig. 4.8 and 4.9, one can conclude that the Nyquist plot of
the thermal impedance is not consistent for the different points over the inductor
turns. While, for the points above the inner turn, the thermal resistance seems to
be growing with increasing electric signal frequency, the thermal resistance of the
points above the outer turn is diminishing.
In addition, as mentioned in [4.22, 4.25, 4.26], the impedance curve turns out
to consist of several circular arcs. This complexity of the Nyquist plot is more
obvious in the case of figure 4.10. In figure 4.11 the transfer thermal impedance
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Figure 4.8: Temperature rise profile on the paint/SiO2 interface for a) 1.6 · 10−6 Hz, b) 80
MHz, c) 0.4 GHz, d) 0.8 GHz, e) 4 GHz, and f) 8 G Hz.
is presented. In this case, the circular arcs are not as distinguishable. As the
temperature response is not calculated exactly on the heat source but further away
on top of the paint coating (z = 0), it turns out that the real part of the impedance
takes negative values at higher frequencies. In Figure 4.10, the arcs on the left side
of the curve correspond to the region in the vicinity of the heat source, while the
arcs on the right side of the curve reply to the low frequencies of the transient and
therefore to the region further away from the heat source. These latter arcs seem
to remain unchanged by the increase in the electric AC signal frequency, while the
arcs on the left side of the plot are strongly affected.
One can notice that the thermal behaviour of the device has been altered as
the frequency of electric signal has been modified. In fact, the thermal network
of the device in question is modified as the electrical frequency increases due to
the change in the topography of the heat source. Therefore, it is valid to say that
the thermal resistance, or more generally, the thermal behaviour of a device is
not consistent but is modified as its electrical behaviour is altered. A thermal
investigation must be focused on the range of frequencies at which the inductor
is intended to be used in order to obtain a solid knowledge of the exact thermal
behaviour of the device under those circumstances.
It should be underlined that the purpose of this work is the investigation of the
alterations of the planar inductors’ thermal behaviour as their operating electrical
frequency is spanning over a wide range of frequencies. There were several rough
assumptions presumed in order to simplify the research, on the basis that it was
out of the research scope the comparison with experimental data. For example, the
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Figure 4.9: Temperature rise profile on the paint surface (z = 0) for a) 1.6 · 10−6 Hz, b)
80 MHz, c) 0.4 GHz, d) 0.8 GHz, e) 4 GHz, and f) 8 G Hz.
assumption that there are no induced currents in the conducting silicon substrate.
In addition, it was also assumed that there exists a circular planar inductor which
is perfectly axisymmetrical, neglecting this way the metallic interconnections be-
tween the inductor turns, leading therefore to an increased thermal resistance due
to the fact that the heat is assumed to be dissipated over a smaller surface, and not
as uniformly conducted throughout the turns of the inductor.
It should not be neglected that the dependence of the electrical resistivity on
the temperature was not taken into account. In other works, the electromagnetic
and the thermal problem were closely coupled, where the electrical conductivity
of the materials was directly dependent on the temperature [4.14, 4.27, 4.28]. This
approach was not in the scope of this work, as our main purpose was to evaluate
the impact of the heat source geometry changes as the frequency of the imposed
electromagnetic signal varied, on the behaviour of the thermal network of the in-
vestigated inductor structure.
As a minimum measure to check the validity of the results, the calculations
were repeated for values of the electrical resistivity of aluminium (the material
composing the metallic parts of the structure) corresponding to temperatures cal-
culated from the solution for room temperature electrical conductivity according
to equation (4.17). First, the problem is solved for room temperature electrical
conductivity (solution presented earlier). The maximum temperature of the turns
was calculated for this solution. Using equation (4.17), the electrical conductiv-
ity for the maximum temperature was evaluated. Finally, the thermal resistance
(normalized temperature rise to the power dissipated in the structure [W/K]) for
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Figure 4.10: Thermal impedance Nyquist plot of the middle point of the 1st turn on the
paint/SiO2 interface for a) 1.6 · 10−6 Hz, b) 80 MHz, c) 0.4 GHz, d) 0.8 GHz, e) 4 GHz,
and f) 8 G Hz.
each point of the paint-surface and for each point on the paint/SiO2-interface was
re-evaluated for the new values of the electrical conductivity. The temperature
dependence of the electrical conductivity is expressed by:
σ2 = σ1
1
[1 + a (T2 − T1)] , (4.17)
where σ1 is the electrical conductivity value known at temperature T1, σ2 is the
conductivity value adjusted to T2, a is the temperature coefficient of the metal,
T1 is the ambient temperature used for the first approach, T2 is the maximum
temperature calculated by the first approach for which we want to calculate the
electrical conductivity of the metal. The temperature coefficient a for aluminium
is equal to 0.0043/◦C. The calculated values of the electrical conductivity, for
different frequencies of electrical signal f , are presented in Table 4.3.
f [Hz] 1.6 · 10−7 80 · 106 0.4 · 109 0.8 · 109 4 · 109 8 · 109
∆T [◦]C 1.458 1.459 1.479 1.536 2.507 3.055
σ2 [MS/m] 56.645 56.645 56.64 56.527 56.293 56.162
Table 4.3: Temperature increase above ambient (25 ◦C) according to solution with
constant electrical conductivity at room temperature σ1 = 56900000 Sm for the
corresponding frequencies f , and the resulting electrical conductivities σ2. The changes in
the value of the electrical conductivite can be considered negligible
Based on the values of the Table 4.3, the transfer thermal resistance was cal-
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Figure 4.11: Thermal impedance Nyquist plot of the middle point of the 1st turn on the
paint surface (z = 0) for a) 1.6 · 10−6 Hz, b) 80 MHz, c) 0.4 GHz, d) 0.8 GHz, e) 4 GHz,
and f) 8 G Hz.
culated again. In Figure 4.12, one can observe the difference between the transfer
thermal resistances (normalized temperature differences ∆T [K/W]) as a percent-
age of the initial transfer thermal resistance calculated on top of the paint layer
and at the paint/SiO2 interface for electrical conductivity of aluminium at ambient
temperature and for the conductivity values calculated by equation 4.17. For the
structure under consideration, the temperature increase (Table 4.3) caused by the
power dissipated is small taking into account the temperature coefficient of the
electrical conductivity of aluminium. Therefore, in both cases of the transfer ther-
mal resistances evaluated on top of the paint layer and at the paint/SiO2 interface,
the difference values in the transfer thermal resistance are less than 0.1%.
Most materials used in electronics incorporate similar behaviour in terms of
electrical resistivity versus temperature. In addition, their thermal properties do not
differ more than one order of magnitude. Thus, the behaviour of similar structures
made of different materials used in electronics would not be dramatically different.
On the other hand, a big increase in the power dissipated in the thermal network
would cause a build up in the temperature of the heat source and therefore alter
the electrical properties of the metal composing the heat source. A different layout
of the thermal network, as for example an larger number of layers between the
heat source and the heat sink (Figure 4.1) would lead to an increase of the thermal
resistance of the structure, and therefore to an alteration of the electrical properties
of the heat source if the temperature of device increased dramatically.
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4.4 Conclusions
In this chapter, the thermal behaviour of a circular planar inductor on silicon wafer
was evaluated as the frequency of the current source is assumed to be varying. The
main scope of the work presented in this chapter was to examine the changes in
the behaviour of the thermal networks in terms of surface temperature profile of
the device under test and of thermal impedance, as the current distribution of the
inductors is altered due to the change of signal frequency.
The numerical modelling is performed through the use of the analogy between
the thermal and electrical networks. The complex thermal network is described
in terms of electric components, which is then analysed with the use of SPICE.
The description of the thermal network is created through a list of components,
an Netlist. The quality of the solution is strongly dependent on the number of the
nodes used to describe the thermal network. Making use of the axial symmetry,
the proposed model is two dimensional, simplifying this way the problem of the
thermal behaviour evaluation.
Few assumptions were made due to the fact that the comparison with exper-
imental data was out of the research scope. It was assumed that there are no in-
duced currents in the conducting silicon substrate. In addition, the circular planar
inductor was assumed to be perfectly axisymmetrical. Also, the dependence of the
electrical resistivity on the temperature was not taken into account. This approach
was not in the scope of this work, as the main scope was to evaluate the impact
of the heat source geometry changes due to frequency variations of the imposed
electromagnetic signal, on the behaviour of the thermal network of the investigated
inductor structure.
Through the numerical analysis, it is obvious that the thermal behaviour of the
device is altered as the frequency of electric signal has been modified. The thermal
network of the considered device is modified as the electrical frequency increases
due to the change in the topography of the heat source. The thermal behaviour of
a device is not consistent. On the contrary, it is modified as its electrical behaviour
is altered. In case the exact thermal behaviour of the device is requested, a thermal
investigation must be focused on the range of frequencies at which the inductor is
intended to be used.
In order to check the validity of the method, the calculations were repeated tak-
ing into account the temperature coefficient of aluminium consisting the metallic
parts of the device. The differences in the normalized thermal resistances between
the updated and the original analysis, where the temperature dependence of the
electrical resistivity was not taken into account, was for the considered dissipated
power no bigger than 0.1%. The behaviour of the temperature coefficient is similar
for different materials used in electronics. The thermal properties of these mate-
rials do not differ more than one order of magnitude. Therefore, the behaviour
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of similar structures made of different materials used in electronics would not be
dramatically different. On the contrary, an increase in the power dissipated in the
thermal network would cause a build up in the heat source temperature and thus
alter the electrical properties of the metal composing the heat source. A different
layout of the thermal network would lead to a change in the electrical properties
of the heat source in case the temperature of device increased dramatically.
The theoretical analysis performed in this chapter can be extended with ex-
perimental measurements, in order to verify the validity of the assumptions made,
as well as the predictions based on them. Two major problems can be identified
in this respect. Special equipment is required to supply enough power of several
tenths of milliwatts, in order to dissipate adequate heat that will render the temper-
ature raise of the inductors detectable by conventional IR thermography. In real
use case scenarios, bias currents in the region of 50 to 100 mA flow through the
windings of the integrated inductors [4.29]. In addition, higher accuracy infrared
measurements are requested to map the temperature profile on the surface of the
inductors. The use of microscopic lenses, may assist in that direction.
On the other hand, aiming to validate the analysis presented, similar thermo-
graphic measurements could be performed on larger PCB planar inductors at lower
frequencies. In such inductors, proximity effects and eddy currents may happen at
lower frequencies, were power amplification is easier. In addition, their larger di-
mensions allows temperature mapping with better spatial resolution. A drawback
though that must be mentioned is that PCBs are usually fabricated with copper
which has higher thermal conductivity than aluminium.
A simple set-up can be used in order to amplify an AC signal. A fast transistor
switch can be used in series with a series LC filter in order to introduce high am-
perage current at the resonance frequencies. Varying the capacity of the capacitor
C the resonance frequency changes, allowing us to achieve maximum heat dissi-
pation on the planar inductor at different frequencies. An oscilloscope can be used
to measure the RMS value of the power dissipated on the inductor.
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Figure 4.12: Normalized temperature difference [K/W] between the solution for ambient
temperature electrical conductivity and for electrical conductivities calculated by equation
4.17 at the paint/SiO2 interface at (a) 80 MHz, (b) 0.8 GHz, and (c) 8 GHz of the imposed
current, and on top of the paint layer at (d) 80 MHz, (e) 0.8 GHz, and (f) 8 GHz of the
imposed current.
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Measuring the Thermal Impedance of
Integrated Planar Inductors
In chapter 4, a numerical solution of the heat conduction problem in the thermal
network of a simplified spiral planar inductor on silicon substrate. In chapter 5,
experimental measurements of the thermal response to a step power function of
similar integrated on silicon structures are presented.
One of the main goals of this research is the investigation of the transient ther-
mal behaviour of an integrated spiral inductor. A specific layout of such inductor
was examined for the purposes of this research. The thermal impedance of the de-
vices is extracted from transient temperature measurements conducted with the use
infrared equipment. Consequently, the results were transformed in the frequency
domain and represented as Nyquist plots.
As presented in the following chapter 6, an attempt was then made to model
the thermal network of the devices under test based on the experimental measure-
ments. An analytical method to solve the problem of heat conduction in similar
structures of spiral inductors will be there proposed.
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5.1 Introduction
In this chapter, the investigation of the transient thermal behaviour of spiral induc-
tors integrated on silicon is presented (Fig. 5.1 and Fig. 5.3). The units under
investigation are presented in section 2.2. A series of eleven inductors has been
designed and integrated in silicon AMIS 0.5 µm, CMOS, TM1P twin-tub technol-
ogy [5.1] with three layers of metallization.
Figure 5.1: Photo of the inductors layout
The transient thermal behaviour of different spiral inductors integrated on the
same silicon substrate was examined. The position of the inductors has been the
differentiating parameter between the different inductors. For each inductor, their
temperature response to a heat step function was measured. The inductors are
excited by a DC current. The Joule losses generated act as a power step function
which excited the thermal RC network.
The thermal impedance of the devices is then extracted from transient tempera-
ture measurements conducted with the use of infrared equipment. Extension rings
which were enhancing the spatial resolution, were used in order to render possi-
ble the measurement of the temperature distribution on the surface of the silicon.
In [5.2–5.4], the use of extension rings for infrared experimental measurements is
described in detail. Special care was taken to nullify the effects of the samples sur-
face reflectivity and emissivity, as well as the contribution of ambient heat sources
to the measured results.
In order to interpret the results using the relation between the thermal RC net-
work and the Nyquist representation of the thermal impedance, the results were
transformed in the frequency domain and represented as Nyquist plots [5.5]. This
way, it is easier to observe the topography of the thermal network. For the trans-
formation of the time domain results in the frequency domain, Fourier transform
was implemented by use of Filon quadrature [5.6].
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5.2 Problem statement
As discussed in section 4.2, there exists a direct analogy between electrical and
thermal networks. Trying to measure the thermal impedance though, one can no-
tice that this is a cumbersome task. In the case of electrical engineering, one can
easily calculate the electrical impedance of a device excited with an AC current
source, by measuring the voltage drop across the device. On the contrary, in the
case of thermal engineering, measuring the thermal impedance is not as easy. It
is not possible to apply AC heat source, as there is no negative power dissipation.
Therefore, the extraction of the thermal impedance is based on measurement of
the transient temperature response to a power step excitation [5.7].
5.2.1 Thermal impedance extraction
Thermal impedance Zth is a convenient parameter for the thermal characterization
of electronic integrated circuits [5.5, 5.8] as described in chapter 2. The temper-
ature response Tstep(t) to a heating step function Pstep(t) = P0u(t) has been
used to evaluate the thermal impedance versus frequency. The complex thermal
impedance can be expressed by the following equation:
Zth(s) =
Tstep(s)
Pstep(s)
=
L{Tstep(t)}
L{Pstep(t)} =
s
P0
∫ ∞
0
Tstep(t)e
−stdt, (5.1)
where L denotes Laplace transform, and P0 is the power delivered to the inductor
in steady state. By substituting s = jω we get the frequency domain representa-
tion, where ω is the angular frequency.
In order to evaluate the thermal impedance, the temperature is typically mea-
sured in the heat source. In some cases it is impossible to measure the temperature
directly on the heat source, in case the heat source is below the upper surface of
the device, or there is no direct access to the heating area. In these cases, one can
measure the so called transfer thermal impedance [5.9, 5.10]. Such measurements
can lead to results that can be used for characterization of the material properties
of a thermal interface between the heat source and the measuring point [5.11].
The thermal impedance of an electronic device is presented in the form of
Nyquist plot, which represents the real versus the imaginary part of the thermal
impedance. Typically, the curve is a part of a circle which directly approaches the
origin of the Oxy coordinate system. If the plot represents the transfer thermal
impedance, the phase shift is larger than 45◦ or even 90◦. It means that the plot
can have negative real part. In this case the interpretation of the obtained results
is much more difficult, and should be precisely correlated with the technological
data, dimensions of the layers and their thermal parameters.
For experimental measurements, the continuous step response Tstep(t) is not
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completely known. Instead, we only have a finite number N of discrete temper-
ature samples Ti = T (ti) available within the time range ti = t1 . . . tN . Thus,
the thermal impedance of equation (5.1) has to be calculated numerically. The
algorithm which is here proposed for the numerical calculation of the thermal
impedance from the discrete measurements makes use of the Filon-type quadra-
ture [5.6].
If we assume an exponential temperature step response of the form Tstep(t) =
TN (1 − exp
(− tτ )) in order to take into account the contribution from the time
range t = tN . . .∞ (Figure 5.2 (a), (b)), the complex thermal impedance is given
by the following equation (5.2)
Zth (jω) ≈ (jω)
N∑
i=0
Tie
−jωti∆t+ TNe−jωtN , (5.2)
where P0 = 1, n the number of measurements in time, ∆t is the time between
two consecutive measurements, tN is the time of the last measurement, and TN
is the temperature recorded at the end of the transient. For experimental measure-
ments, the continuous step response Tstep is not known. Therefore, the additional
TNe
−jωtN is added due to the finite number N of discrete measurement samples
available. This inconsistency leads to discontinuity at t = tN . At t = tN , the
formula (5.1) considers a jump assuming that the temperature Tstep is zero in the
range t = tN . . .∞. Thus, the second term in (5.2) compensates for the lack of
data in the range (tN ,∞).
t[s]
Tstep[oC] Tstep[oC]
t[s]
(a) (b)
Real(Zthe)
Imag(Zthe)
(c)
Figure 5.2: Exponential temperature step response in (a) linear scale and (b) logarithmic
scale, and (c) corresponding Nyquist plot.
The complex thermal impedance can be calculated numerically with the use of
the formula (5.3)
Zth(jω) = TNe
−jωtN + jωIFil, (5.3)
where Ifil is the Filon type integral IFil =
∫ tN
t=t1
T (t) exp (−jωt) dt with t within
t = t1, t1, . . . , tN . The integral can be calculated by the use of the formula (5.4)
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IFil = (jαΣlim − βΣeven − γΣodd) /ω, (5.4)
where Σlim, Σeven, and Σodd are the following summations (equations (5.5), (5.6),
(5.7))
Σlim = TN exp(−jωtN )− T1 exp(−jωt1), (5.5)
Σeven = −Σlim +
∑(N−1)/2
i=1 T2i+1 exp(−jωt2i+1), (5.6)
Σodd =
∑N/2
i=1 T2i exp(−jωt2i), (5.7)
α = 1/Θ + (sin 2Θ)/2Θ2 − (2 sin2 Θ)/Θ2, (5.8)
β = 2((1 + cos2 Θ)/Θ2 − (sin 2Θ)/Θ2), (5.9)
γ = 4((sin Θ)/Θ2 − (cos Θ)/Θ2), and (5.10)
Θ = −ω(ti − ti−1). (5.11)
The choice of Filon-type quadrature is well justified as the exponent exp(−jωt) is
a sum of sinuses and cosines. Every temperature response to a unit step function
can be described as a series of exponential functions.
After the transformation in the frequency domain, the Nyquist plot of the ex-
ponential function of Figure 5.2 (a) is shown in Figure 5.2 (c).
5.2.2 Device Under Test (DUT) description
A picture of the integrated spiral inductors, which were examined during this work,
is presented in Fig. 5.1. The components under test were all of the same design.
The various elements differed in their positioning on the silicon substrate. The
shape of the inductance under consideration is octagonal. The layout of the cir-
cuitry can be seen in Fig. 5.3. The structure of the devices is thoroughly described
in chapter 2.
Three different spiral inductors integrated on the same silicon substrate have
been taken into consideration. The devices that were examined are inductor 1,
2, and 3 (Fig. 5.3). The position of the inductors has been the differentiating
parameter between the different inductors. The silicon wafer was mounted on an
FR4 test board. Wire bonding was connecting the pads of each inductor with the
copper coating on the FR4 board providing conductive paths to power supply. A
layout of the wire-bonded circuitry is presented in Fig. 5.4 and Fig. 5.5. This way
it was rendered possible to avoid the use of tungsten probes as in the measurements
described in section 2.3. The FR4 board is considered a bad thermal conductor
(k ' 0.5 W/m·K). It should be kept in mind that the value of thermal conductivity
of the FR4 epoxy layer is chosen arbitrarily. Usually the values of unfilled epoxy
thermal conductivity are lower [5.12], but in the case studied the epoxy board is
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Figure 5.3: Layout of the inductors
covered partially by a thin layer of copper which has several orders of magnitude
higher thermal conductivity.
5.2.3 Measurements set-up
The temperature response to a heat step function and thus the thermal impedance
of the different heat sources can be used to describe the thermal network as well
as the differences among them. For each inductor, their temperature response was
measured. A DC current source was used as a heat source, and the value of the
current was selected 99.6 mA.
The thermal impedance of the devices is extracted from transient temperature
measurements conducted with the use infrared equipment. An infrared thermo-
graphic camera from CEDIP was used (Cedip Titanium 560M) [5.13]. The spectral
response of this InSb camera is 3.6-4.9 µm, and its noise equivalent temperature
difference (NETD) is less than 25 mK at 25 ◦C. The characteristics of the detector
are given in detail in Table 5.1.
The frame rate of the CEDIP camera was 700 frames/second. The option of
sub-windowing was used for this purpose. In comparison with previous research
[5.14], the frame rate is considered better, as it is considerably higher. Then, these
results were freed from the noise introduced during the measurements with the
use of filters as described later on in section 5.3. Consequently, the results were
transformed in the frequency domain and represented as Nyquist plots [5.5, 5.7]. In
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Figure 5.4: Schematic of the wire bonded circuitry
this way, it is easier to observe the topography of the thermal network as there is a
direct correlation between the thermalRC network and the Nyquist representation
of the thermal impedance [5.5, 5.9].
Detector Name 560M
Detector Materials InSb
Number of Pixels 640× 512 pixels
Spectral Response 3.6-4.9 µm
Sub Windowing 320× 256 pixels, 160× 128 pixels, or user defined
Frame Rate up to 100 Hz Full Frame - 4980 Hz @ 16× 4
Pitch 15 µm×15 µm
NETD < 25 µK @ 25 ◦C
Aperture F/2
Table 5.1: Cedip Titanium 560M characteristics [5.13]
5.3 Experimental Measurements
During the experiments, the thermal transient has been measured using an in-
frared thermographic camera (CEDIP). The infrared imaging equipment selected
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has been a MWIR CEDIP Titanium camera with a cooled InSb 640×512 pixels
detector matrix (15 µm pixel pitch) and has been able to generate images at a rate
of 700 frames/second. In order to guarantee a uniform surface and temporal emis-
sivity, the surface of the sample has been painted with black mat paint. Hence,
during the experiments, the temperature on the top of the paint coating has been
recorded. Therefore, this effect had to be taken into account throughout the analyt-
ical calculations and modelling. In order to achieve the required spatial resolution
and render the small inductors visible on the infrared images, specially designed
extension rings have been used.
The thermographic equipment has been configured according to the needs of
the specific measurements. Special extension tube rings were attached to the cam-
era to increase the spatial resolution of the images (Fig. 5.6). The rings were used
to allow close up thermography [5.2–5.4]. Therefore, it was possible to decrease
the distance between the lens and the sample in order to obtain more details. A 60
mm-extension tube was added between the lens and the camera housing, allowing
the increase of the spatial resolution from about 88 µm per pixel to 7 µm per pixel.
One image corresponds to 1.12 mm × 0.9 mm on the silicon chip, while one pixel
corresponds to 7× 7 square micrometres on the silicon chip.
Figure 5.5: Photo of the wire-bonded circuitry
Special care has been taken in order to minimize the reflections and the effects
caused by the different emissivity properties of the various materials present on
the surface of the circuit. The device has been covered with black mat paint. The
paint has been sprayed over the surface. The exact thickness and other interface
properties between the surface of the device and the paint mass cannot be evaluated
directly. Thus, the paint layer has been assumed to be approximately 30 µm thick
for further use in the consequent analysis of the results.
In addition, further steps have been made towards the elimination of additional
noise and distortion factors during the measurements. The measurement set-up,
which contained the device under test and the infrared recording equipment were
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lens
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IR camera paper casing
Figure 5.6: Schematic of the IR camera with the extension rings
covered by means of a paper case (Fig. 5.6) which minimized the effect of radia-
tion emitted by radiating sources in the vicinity of the set-up such as the infrared
equipment operators.
The results of the measurements are presented in Fig. 5.7 in linear scale. The
temperature is averaged over the surface of the inductor and then plotted versus
time. In the linear time scale, the early transients are not visible due to the fact that
the dimensions within the structure range from few micrometers up to millimetres
[5.15]. Therefore, it would preferable to plot the results in the logarithmic time
scale. As clearly seen in Fig. 5.8, high frequency transients are rendered visible
in comparison to the linear time scale plot. At approximately 20 ms, one can
observe a kick in the temperature response. This can be attributed to the heat flow
through the silicon substrate, which has a much lower thermal time constant and
better thermal conductivity than the FR4 board on which the silicon substrate is
mounted. Considering just the silicon substrate, the thermal time constant τ can
be calculated by equation (5.12) [5.16]:
τ =
cvα
2
k
, (5.12)
with cv the specific heat capacity (for silicon 16543000 J/m3K), α the thickness
of the Si substrate, and k the thermal conductivity (for silicon 148 W/m·K). The
calculated value of τ is 2 ms. In this analysis though we did not take into account
the SiO2 and paint layers; considering that, τ of the combined body Si-SiO2-paint
can be larger.
During the measurements, the thermographic camera was attached to a me-
chanical arm with the aim of limiting the noise introduced by the movement of
the set up due to environmental causes. Despite our efforts, a residual oscillation
of the detector caused by the Stirling cooling of the equipment was not possible
to be compensated or limited. One can notice that the effect of those factors on
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Figure 5.7: Temperature step response, for inductor 1, 2, and 3
the measurement data is obvious in Fig. 5.8. The frequency of this fluctuation is
approximately 50 Hz. Therefore additional steps were introduced to the process-
ing of the measurements’ data in order to free them from the high frequency noise
caused by this oscillations.
The amount of data retrieved has been really hard to process. The length of the
transient has been estimated before starting the measurement procedure. Taking
into account the heat capacity of the FR4 board which has the largest volume
within the structure of the sample (k ≈ 0.5 W/mK, cv ≈ 1110000 J/m3·K) its
time constant has been approximated around 3 minutes using equation (5.13):
τ =
cvV
hAs
, (5.13)
where ρ is the density , cp is the heat capacity, V is the volume, h is the heat transfer
coefficient and As is the free surface of the FR4 board where the convection takes
place. Considering that the values of thermal conductivity provided in literature
[5.12] are regarding unfilled epoxy, we can assume that we get a better convergence
with the values used in this study. As we can see in figure 5.5, the epoxy surface of
the samples is partially covered with a layer of copper which is eventually altering
the thermal conductivity of the combined FR4 body. The time constants of the
other layers of the structure were not taken into account and therefore the overall
time constant is different than the one estimated. On the other hand, the value of
the time constant of the FR4 board shows that the cooling of the structure is a slow
process. Thus the measurements lasted for more than 15 minutes in order to allow
the device reach a steady thermal state.
Remark that the frame ratio of the infrared equipment has been chosen equal
to 700 frames per second, thus the available data for each measurement was vast.
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Figure 5.8: Temperature response vs time, for inductor 1, 2 and 3
Each data series had to be divided in 7 smaller time frames and on each separate
data window polynomial interpolation have been applied in order to remove the
noise and smooth the plots. 8th order polynomials were used for the curve fitting.
The Matlab curve fitting tool has been used for this purpose [5.17]. No filtering
was performed as important hight frequency (50 Hz) information might be lost
Afterwards, it has been possible to combine all the time frames together in a refined
data set. The temperature-time graph after the removal of the noise are presented
in Figure 5.9.
Before applying interpolation, sub-sampling was also introduced so as to ren-
der the data processing easier or even possible. In the time range, where the time
derivative of the temperature plot was comparably small, the amount of data was
effectively reduced by sub-sampling without major loss of information. In other
words, for later stages of the transient, the sub-sampling was coarser, while for the
early transient (first seconds) no sub-sampling was applied. Finally, these results
were introduced to a thermal impedance calculation algorithm.
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Figure 5.9: Temperature response after curve fitting, for inductor 1, 2, and 3
As regards the accuracy, the uncertainty u of the measurements can be calcu-
lated by equation (2.1). The measurements were performed at an ambient temper-
ature of 22◦C. The camera lens was placed at a distance of 50 cm from the DUT.
As mentioned in section 2.3, the accuracy ∆ of the thermographic camera is ±1%
of the temperature range. The temperature range R during the experiment was
R = 13.5◦C. The degrees of freedom can be considered 49, due to the fact that
the temperature response, as plotted in figure 5.8, is calculated by averaging the
temperature over a square area of 7×7 pixels just above the 4 turns of the inductor
(figure 2.1; from inner to outer radius, y > 30 µm). Coefficient k of equation
(2.1) can be found in a student’s t-distribution table for 49 degrees of freedom, and
probability 0.95. Its value is approximately k ≈ 2. The sensitivity of the camera
NETD is given in Table 5.1. This way, the uncertainty u can be calculated and is
approximately equal to 0.156◦C.
5.3.1 Nyquist Plot
The impedance function can be visualized in the complex plane using the Nyquist
representation. The Nyquist plot is a curve where the =[Zth(jω)] is plotted versus
the <[Zth(jω)] using the angular frequency ω as a parameter.
The results obtained after transformation are presented in Fig. 5.10. As ex-
plained by Kawka [5.5], a Nyquist plot can be analysed in a series of circles cen-
tred on the Ox axis. In special cases, the centre of these circles can lie above the
Ox axis. The frequencies corresponding to the centres of the circles are in direct
correlation to the time constant spectrum central characteristic values.
The thermal behaviour of all three inductors is similar. There are differences
which are probably caused by the variations in the thickness of the layers as regards
the heat flow path, or the positioning of the inductors on the die. On the other
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Figure 5.10: Nyquist plot the thermal impedance of a) 1st, b) 2nd, and c) 3rd inductor
integrated on the epoxy-FR4-mounted silicon wafer
hand, as one would expect their response to a heat step function is similar. The
frequencies where the central points of the main circular arcs are occurring, are
almost the same for all the three inductors.
Thanks to the high frequency rate of the thermal imaging equipment, it was
rendered possible to observe the high frequency arc of the Nyquist plot. There are
still differences in this region of the plot between the different inductors. The high
frequency arc of the diagram is mainly dependent on the material properties and
geometry of the thermal network components in the vicinity of the heat sources.
As regards the shape of the high frequency arc, it is obvious that the real part of the
thermal impedance can take negative values. This is due to the coating covering
the heat source for emissivity issues. Thus, the extracted thermal impedance can
be described better as transfer thermal impedance (see section 4.3).
The low frequency arc covering the biggest part of the Nyquist plot is mainly
corresponding to the epoxy FR4 board. This is caused by the low thermal conduc-
tivity of the material. One can assume that the most defining factor of the thermal
behaviour of the device is the convective cooling. Again, there are differences be-
tween the curves corresponding to different samples. These differences are mainly
concerning the size of the arcs, while their shape is almost the same. This can be
owed to the positioning of the inductor with the highest thermal resistance closer to
the centre of the silicon die, leading to a smaller convective surface in the vicinity
of the heat source. On the contrary, the inductor with the lowest thermal resistance
is inductor 1 which lies at the corner of the sample. This also advocates for validity
of the measurements.
It should be mentioned again that the inductors were wire bonded to the cop-
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per connectors on epoxy FR4 board, which were used to supply the inductors
with the DC amperage. Those connections also contribute to the thermal network,
providing a high thermal conductive path to a heat sink. Keep in mind that the
contribution of these thermally conductive paths is hard to model analytically with
the use a one-dimensional multi layer heat flow path, with convective boundary
conditions (see section 6.3).
5.3.1.1 Comparison to earlier results
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Figure 5.11: Nyquist plot of thermal impedance of the 1) 1st (standard), 2) 11th (with
metal core), 3) 7th (with tiles), and 4) 10th (with shield) inductors. Silicon wafer mounted
on a) Al2O3, and on b) epoxy FR4 substrate. [5.14]
In [5.14], the same layout of inductors as in Fig. 5.1 was considered. Different
inductors (inductors 1st, 11th, 7th, and 10th) were examined during this work.
Two different set-ups were investigated. In the first one, the silicon wafer was
mounted on top of an alumina substrate with thermal conductivity k = 25 W/m·K.
In the second case, the study concerned the same sample used in the current work,
which is mounted on epoxy FR4 substrate with much lower thermal conductivity
k = 0.5 W/m·K . The frame rate used at that time was 200 frames/second. It
should also be mentioned that a different algorithm was used to calculate the ther-
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mal impedance. The results are obviously of lower quality, while the behaviour
of the samples mounted on the FR4 epoxy substrate is similar to the one recorded
during this current work (Fig. 5.11).
Studying the Nyquist plots, keep in mind that the high frequency arc of the
thermal impedance plot is defined by the thermal properties of the silicon die and
position of the inductors, in other words, by the topology and the thermal proper-
ties of the thermal network close to the heat source. The low frequency arc of the
Nyquist plot represents the cooling conditions of the entire structure.
In the first case study of [5.14] regarding the sample mounted on the alumina
substrate, it was possible to differentiate each sample’s thermal network using the
thermal impedance Nyquist plot representation. Their thermal impedance is de-
fined by the heat flow in the high conductive alumina substrate. Any change of
their position on the die, and the thickness of the underlying layers alters their
thermal impedance, both in high and low frequency range (Fig. 5.11.a). On the
contrary, as regards the sample mounted on top of the low thermal conductive
epoxy FR4 board, the thermal impedance mainly depends on the convective cool-
ing at the upper side of the structure (surfaces in the vicinity of the heat sources)
as clearly spotted in Fig. 5.11.b. The heat flow in the FR4 board is restricted by its
limited heat removal capabilities. It should be pointed out that during this inves-
tigation [5.14], the thermal camera generated images at the rate of 200frames/s.
Such low rate did not allowed to observe the high frequency thermal impedance
components of FR4 board mounted sample.
5.4 Conclusions
The main purpose of the work carried out was to evaluate the dynamic thermal
behaviour from thermographic measurements in order to use them in comparison
to analytical modelling results to be presented in 6.
Infrared thermographic equipment was used to measure the temperature re-
sponse to a unit step function. The frame rate and thus the sampling rate were
improved in comparison to previous works. It was rendered possible to generate
images at a rate of 700 frames/second. The surface of the sample has been covered
with black mat paint so as to avoid reflections and emissivity problems. Hence,
the temperature on the top of the paint coating has been recorded during the exper-
iments, and calculated throughout the analysis. Special extension tube rings were
attached to the camera to increase the spatial resolution of the images.
The temperature measurements were transformed in the frequency domain.
The temperature response to a heating step function Tstep(t) has been used to
evaluate the thermal impedance versus frequency. The thermal impedance is then
presented in the form of Nyquist plot. A Nyquist plot can then be analysed in
a series of circles centred on or above the real part axis. The frequencies corre-
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sponding to the centres of the circles are in direct correlation to the time constant
spectrum central characteristic values.
The thermal behaviour of all three inductors is similar. There are differences
which are caused by the variations in the thickness of the layers as regards the
heat flow path, and the positioning of the inductors on the die. On the other hand,
their response to a heat step function is similar as one would expect. The central
characteristic frequencies of the main circular arcs are really close for all the three
inductors.
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6
Thermal Impedance Analytical Models
for Integrated Planar Inductors
In chapter 6, an analytical method to solve the problem of heat conduction in
structures of spiral planar inductors is proposed. In chapter 4, a numerical solution
of the simplified heat conduction problem in the thermal network of a spiral planar
inductor on silicon substrate is provided.
As mentioned in chapter 5, one of the main goals of this research is the in-
vestigation of the transient thermal behaviour of an integrated spiral inductor. The
obtained experimental data are compared against an analytical model presented in
the current chapter.
An attempt is then made to model the thermal network of the devices under
test based on the experimental measurements. One-dimensional analytical models
are mostly used for structures of infinite dimensions, and for point heat sources.
In an attempt to evaluate a series of experimental measurements, one-dimensional
analytical models of heat diffusion were implemented to simple geometric struc-
tures. The complexity of the thermal network was difficult to model and represent
as solution to a simple one-dimensional problem. Nevertheless, the agreement
achieved is noticeable and confirms that a simple model can describe and predict
the thermal behaviour of such devices.
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6.1 Introduction
In this chapter, an effort to model the transient thermal behaviour of spiral induc-
tors integrated on silicon is presented (Fig. 5.1). The units under investigation are
presented in section 2.2.
Simple analytical models of the heat transfer throughout the device are ex-
amined. The proposed modelling method is considering the structure as one-
dimensional. Further simplifications are taken into account in order to approximate
the experimental measurements.
As presented in previous chapters, simulations are often impractical despite
their high accuracy. When complex structures need to be investigated, the im-
plementation of the design is a cumbersome exercise leading to loss of time and
unavoidable simplifications. Analytical methods based on infinite series expan-
sion also demand summation of large number of terms and thus long computation
times. Both analytical methods based on infinite series and simulations can depend
upon complex boundary conditions, leading to complicated expressions and long
computational times.
With the aim of providing quick estimations of the thermal resistance or the dy-
namic thermal behaviour of electronic devices, various approximations have been
used in previous works [6.1]. In the work of Vermeersch [6.2], a one-dimensional
approach was used to describe the heat diffusion in one-layer structures with uni-
form heat dissipation on the top surface of the structure. In [6.3], one-dimensional
axial heat diffusion equation is used to describe the heat transfer in a rear-cooled
substrate with a square heat source on the top surface. Fixed angle heat spreading
models have also been reported to be implemented in combination with simple
one-dimensional heat spreading models [6.3–6.5]. A variable angle heat spread-
ing model has been proposed to address multi-layer heat flow problems [6.6]. A so
called pyramidal approach is proposed by Sahoo et al. [6.7], where the maximum
value of the angle of spreading is no bigger than pi/4 radians.
There exist many exact or approximate solutions of thermal problem of a heat
source on a conductive substrate [6.8–6.15]. More compact theoretical models are
developed for one-, two-, or three-dimensional heat flow structures [6.16, 6.17].
Most of the exact solutions were based on infinite Fourier series expansion [6.9,
6.11, 6.14, 6.18, 6.19]. The effect of the heat sources’ positioning on the thermal
behaviour of the power dissipating elements is considered in [6.14, 6.17, 6.20].
Most of the research concerns square and circular heat sources [6.14, 6.17, 6.21,
6.22], while in the work of Sadeghi et al [6.23], arbitrary heat sources are treated.
The method of superposition has been also proposed to address the arbitrary heat
source shape problem [6.12, 6.22]. The position of the heat sources and its impact
on the structure’s thermal resistance of multi-layered structures was also exam-
ined in [6.24]. The geometry of the flux channel was considered in the work of
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Muzichka et al. [6.19]. Compact models for multilayer bodies were also proposed
in [6.19, 6.22, 6.25]. An overview of the topic is given in [6.8].
Most of the models cited above, are limited to the steady state heat conduction,
enabled this way to evaluate the thermal resistance of the structures. Most sophis-
ticated approaches addressed to the dynamic thermal behaviour modelling of elec-
tronic devices are also proposed [6.6, 6.26]. Dynamic characterization methods of
the thermal behaviour of electronics devices have also been used in combination
with transient measurements in order to test the reliability of the devices [6.26].
Similar techniques have also been used to create compact thermal models out of
transient temperature measurements [6.27, 6.28].
6.2 Problem statement
The investigated devices are presented in detail in chapters 2 and 5. The layout
of the integrated spiral inductors, which were examined during this work, are pre-
sented in Fig. 5.1. The various elements differed in their positioning on the silicon
substrate. The shape of the inductance under consideration is octagonal. The lay-
out of the circuitry can be seen in Fig. 5.3.
The temperature response to a heat step function and therefore the thermal
impedance of the different heat sources can be used to describe the thermal net-
work as well as the differences among them. As described in chapter 5, their
complex thermal impedance was extracted from the transient temperature mea-
surements conducted with infrared equipment (Fig. 5.9).
It was then attempted to model the thermal network of the devices under test
based on the experimental measurements. The models developed were based on
the work of Vermeersch [6.1] and adapted according to the needs of the current
research. Different test cases and combinations of the models described in the
following section (6.3) were taken into account during this work.
The inductors, as described in section 5.2, were assumed to be two-dimensional
(Fig. 6.1). It was also proposed that the shape of the inductors can be considered
circular with homogeneous heat dissipation. It should be outlined that the position
of the heat source on top of the chip die was not considered of importance during
the analysis and therefore neglected. Otherwise, it would be impossible to model
the position of the heat source with the use of one-dimensional heat equation.
The properties of each layer are given in Table 6.1. The properties that are
later on parametrized, will be explicitly mentioned in each case. The heat transfer
coefficient h is considered equal to 20 W/m2K. The heat is supposed to be spread-
ing from a circular homogeneous heat source which is placed at the paint/SiO2
interface. The radius of this circle is considered initially equal to 80 µm, while the
outer diameter of the octagonal spiral is 160 µm. The power P dissipated is calcu-
lated as the product of the square of a current flowing through the series resistance
6-4 CHAPTER 6
Layer 1 2 3 4
Material paint SiO2 Si FR4
cv [J/m3·K] 2000000 1613333 1654300 1110000
k [W/m·K] 1 1.48 148 0.25
thickness [µm] 30 5 350 1600
Table 6.1: Material and geometrical properties of the multi-layered model
of the inductor I2 multiplied by the series resistance Rseries. The current is cho-
sen equal to the one measured during the experimental inspection of the samples
described in section 5.2 and the series resistance is 6 Ω.
The complexity of the thermal network was difficult to model and to repre-
sent as a solution to a simple one-dimensional problem. Nevertheless, the agree-
ment achieved between the experimental and the modelling results confirms that a
simple one-dimensional approach can be used to explain, model, and predict the
thermal behaviour of such devices.
Paint
inductor
SiO2
Si substrate
FR4 board
P k1, c1
k2, c2
k3, c3
k4, c4
h
x
0
ts
x = b
x = c
x = d
x = a
T = Tamb
Figure 6.1: SimpleModel. One-dimensional representation of the thermal network.
Four-layered structure.
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6.3 Analytical modelling
In the following sections, a series of models describing the heat transfer through-
out the body of the examined devices is presented. In order to render the se-
quence of the modifications to the original one-dimensional model (section 6.3.1),
as well as the results presented easier to approach and comprehend, each approach
is given a conventional name (e.g. SimpleModel, Epoxy1) which is displayed on
the title of each modelling approach and on each corresponding figure. Wher-
ever combinations of the proposed models are presented, any combined approach
will be indicated accordingly (e.g. SimpleModel-Epoxy2). The modifications are
grouped according to the layer of the structure they refer to. First, a simple one-
dimensional model of the heat conduction through the multi-layered structure is
described. Then, the detailed models of the heat flow through the epoxy-FR4 board
(subsection 6.3.2), and through the silicon substrate and the silicon oxide (subsec-
tion 6.3.3) describe the modifications implemented on the simple one-dimensional
model (subsection 6.3.1) in order to model the differences in the heat flow path
throughout the device.
6.3.1 Simple one-dimensional model of heat conduction through-
out the multi-layered structure - SimpleModel
For the device under test described in section 5.2 of the previous chapter, the
simplest way to model its’ dynamic thermal behaviour is with the use of one-
dimensional heat equations. We consider the heat source’s and each layer’s sur-
face equal (Fig. 6.1). Therefore, the temperature is dependant on only one spatial
coordinate x. The structure consists of four layers; the heat source is at the inter-
face between the paint and silicon dioxide layer. In each layer, the temperature
must satisfy the heat equation. The thickness of the paint layer is a, the one of the
silicon dioxide is b − a, the thickness of the silicon layer is c − b and that of the
FR4 board is ts. In the frequency domain, we can write:
jωc1T1(ω, x)− k1 d
2T1(ω, x)
dx2
= 0, 0 < x < a, (6.1)
jωc2T2(ω, x)− k2 d
2T2(ω, x)
dx2
= 0, a < x < b, (6.2)
jωc3T3(ω, x)− k3 d
2T3(ω, x)
dx2
= 0, b < x < c, (6.3)
jωc4T4(ω, x)− k4 d
2T4(ω, x)
dx2
= 0, c < x < d, (6.4)
where T1, T2, T3, and T4 are the temperatures of layer 1, 2, 3, and 4 respectively.
The general solution of each heat equation is given by:
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Tn(x) = Bne
−
√
jωcn
kn
x
+ Cne
√
jωcn
kn
x
, (6.5)
where Bn and Cn are integration constants, kn and cn is the thermal conductiv-
ity and the volumetric heat capacity of the corresponding layer n, and n can be
1, 2, 3, 4.
The boundary condition on a surface where heat convection is present, is given
by:
hT (L)− k dT (x)
dx
∣∣∣∣
x=L
= 0, (6.6)
where L is the position of the boundary on the x axis. In the case we are studying
the value of L can be zero or c + ts. Boundary conditions describing interfaces
between layers are given by the equations:
Tn(dn) = Tn+1(dn), (6.7)
kn
dTn
dx
∣∣∣∣
x=dn
= kn+1
dTn+1
dx
∣∣∣
x=dn
, (6.8)
where dn is the position of the interface between layer n and n+ 1 on the x axis.
The boundary condition at the paint-silicon dioxide interface (dn = a), where the
heat source is located, is described by the equation:
k1
dT1
dx
∣∣∣∣
x=a
− k2 dT2
dx
∣∣∣∣
x=a
= P. (6.9)
where P is the power dissipated in the structure.
Solving this system of equations is a cumbersome task. Simplifications can be
made in order to reduce the order of the system. Though, even after the simplifi-
cations, the solution of these systems is rather extended. The analysis described
in the following sections is accomplished with the use of Mathematica [6.29] and
the exact solutions are not described in this work due to their extent. The main
purpose of this work is to present the analysis followed, the assumptions made,
and the results that were obtain after the analytical solution of the problem. The
matter is further discussed in Appendix B.
Layer 1 2 3 4
Material paint SiO2 Si FR4
thickness [µm] 5 5 350 1600
Table 6.2: Material and geometrical properties of the models implementing simple
SimpleModel approach, and the boundary thermal impedance Epoxy1-3, Fig. 6.2 and 6.8
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The resulting Nyquist plot of the analysis are provided in Fig. 6.2. The solved
model properties are given in Table 6.2. The complex thermal impedance is calcu-
lated on top of the paint layer (x = 0). One can notice that the plot consists of two
arcs, one big arc in the low frequency range with central frequency at ω = 0.0011
Hz, and a smaller radius arc closer to the centre of the axis. The value of the ther-
mal resistance and the shape of the graph are not close to that of the experimental
measurements of Fig. 5.9. Thus, the simple one-dimensional model is further
modified.
0 5 10 15
−8
−6
−4
−2
0
x 10
4
x 10
4
Re{Zth}
Im{Zth} 
0.0011 Hz
Figure 6.2: Nyquist plot of the thermal impedance of a four-layered structure based on the
analysis of SimpleModel. The definitions are provided in Table 6.2
6.3.2 Models of the heat flow through the epoxy FR4 board
The way the problem of modelling the heat flow through the thermal network of
the sample is approached by simplifying it with the use of simple one-dimensional
heat equations, we can assume that the device is divided in two major volumes.
The first area of interest is the one in the direct vicinity of the heat source, in
other words the silicon wafer on which the planar inductors are integrated. The
second area of interest is the area further away from the heat source, the larger in
lateral dimensions epoxy-FR4 board were convection cooling is more important.
Following this assumption, we can proceed with modelling the heat flow through
the epoxy-FR4 board in this subsection (Epoxy- models), and through the silicon
wafer in subsection 6.3.3 (Silicon- models).
6.3.2.1 Heat spreading in semi-infinite medium - Epoxy1
If we assume that the epoxy FR4 layer is replaced by a semi-infinite medium, a
thermal impedance boundary condition at x = c can replace both the fourth differ-
ential equation (6.4) and the boundary condition (6.8) at x = c of SimpleModel.
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Paint
inductor
SiO2
Si substrate
P k1, c1
k2, c2
k3, c3
h
x
0
x = b
x = c
x = a
Z
th
uniform heat
source
R
semi-infinite 
medium
semi-infinite
medium
uniform heat
source
O
O
a)
b)
k4, c4
k4, c4
Figure 6.3: Epoxy1. Thermal impedance of the FR4 board used as boundary condition. a)
Semi-spherical surface on top of semi-infinite substrate used as substitute of the planar
interface. b) Planar circular surface on top of semi-infinite substrate as substitute.
In order to achieve that, we propose that the FR4 board replaced by a semi-infinite
medium made out of the same material. In addition, the interface boundary be-
tween the silicon layer and the FR4 board can be considered as a semi-spherical
surface with radius R, where the heat is dissipated uniformly from one medium
to the other. A cross section of the proposed structure replacing the FR4 board is
presented in Fig. 6.3. According to the analysis of Vermeersch [6.1], the thermal
impedance of such a structure is given by:
Zth(jω) =
Z0
1 +
√
jω/s0
=
1
2pik4R
1
1 +R
√
jωC4
k4
, (6.10)
where Z0 = 1/2pik4R, and s0 = k/C4R2. The thermal impedance Zthe of the
structure at the semi-spherical surface is given by:
Zth(jω) =
T3(jω)|x=c
P (jω)
. (6.11)
Thus, the temperature at the interface is given by:
T3(jω)|x=c = Zth(jω)P (jω), (6.12)
where P is equal to
P (jω) = S · Q˙(jω) = −2piR2k3 dT3(jω)
dx
∣∣∣∣
x=c
, (6.13)
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S is the surface of the semi-sphere with radius R, and Q˙ is the heat flux flowing
through the interface:
Q˙(jω) = −k3 dT3(jω)
dx
∣∣∣∣
x=c
= − k4 dT (jω)
dr
∣∣∣∣
r=R
. (6.14)
Combining equations (6.10), (6.12), and (6.13) one gets:
T3(jω)|x=c = −2pik3R2
dT3(jω)
dx
∣∣∣∣
x=c
1
2pik4R
(
1 +R
√
jωc4
k4
) . (6.15)
If we consider the case of a circular-shaped surface heat source, as shown
by Vermeersch [6.30], the thermal impedance is fitting quite well the thermal
impedance of the spherical shaped surface heat source as described by equation
(6.10). The only difference with the previous analysis is that the surface S of a cir-
cular shaped plane surface is not equal to 2piR2, but piR2. Therefore, the boundary
condition at x = c is given by equation:
T3(jω)|x=c = −pik3R2
dT3(jω)
dx
∣∣∣∣
x=c
1
2pik4R
(
1 +R
√
jωc4
k4
) . (6.16)
Paint
SiO2 
Si substrate
P
Z
th
uniform heat 
source
O
k
4
, c
4
2R
r
ts
h
Figure 6.4: Epoxy2. Radial spreading in slab of finite thickness.
Solving the system of equations proposed here, adopting the definitions of the
previous subsection and Table 6.2, we get the complex thermal impedance plotted
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in Fig. 6.5. The system is described by equations (6.1)-(6.3), (6.7)-(6.9), and
the boundary condition used at x = c is equation (6.16). Notice that the thermal
resistance is reduced to almost half in comparison to the solution produced by
SimpleModel. On the contrary, the frequency where the minimum of the imaginary
part of the complex impedance occurs is multiplied. The shape of the arc does not
resemble a circular arc any more. It is deformed/shifted towards the imaginary
axis. One should also notice that no other arc is any more visible.
0 5 10 15
−8
−6
−4
−2
0
x 10
4
x 10
4
Re{Zth}
Im{Zth} 
Epoxy1
SimpleModel
0.0358 Hz
0.0011 Hz
Figure 6.5: Nyquist plot of the thermal impedance of a three-layered structure based on
the analysis of Epoxy1. The definitions are provided in Table 6.2
6.3.2.2 Radial spreading thermal impedance of finite thickness slab - Epoxy2
The FR4 board can also be modelled as one-dimensional slab of finite thickness
ts. The term one-dimensional refers to the dependence of the temperature on only
one spatial variable, the radial coordinate r. Similar considerations have been
taken into account in the literature for similar or different layouts. In the case we
are considering, a top surface square heat source of dimensions
√
2R × √2R is
replaced by a cylinder of radius R, and thickness ts embedded in the FR4 board
(Fig. 6.4).
The power dissipated on the surface of the cylinder is P . The problem is
further simplified as we consider the cylinder infinitesimally thin with thermal
conductivity k× ts. This way, we require that the temperature depends only on the
radial coordinate r due to the axial symmetry. The heat equations are presented in
phasor notation. Taking into account the bottom convection, the diffusion equation
for the region r < R becomes in radial coordinates [6.3]:
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kts
d2T (1)
dr2
+ kts
1
r
dT (1)
dr
− hT (1) − jωcT (1) = P, r < R. (6.17)
where h is the heat transfer coefficient. For the region r > R, the differential
equation describing the heat diffusion becomes:
kts
d2T (2)
dr2
+ kts
1
r
dT (2)
dr
− hT (2) − jωcT (2) = 0, r > R. (6.18)
The temperature must be bounded at r → 0 and at r →∞, which is translated
to:
lim
r→+∞ |T
(2)| <∞, (6.19)
lim
r→0
|T (1)| <∞. (6.20)
The boundary conditions are supplemented by the following equations at the bound-
ary r = R:
T (1)
∣∣∣
r=R
= T (2)
∣∣∣
r=R
, and (6.21)
dT (1)
dr
∣∣∣∣
r=R
=
dT (2)
dr
∣∣∣∣
r=R
. (6.22)
The general solutions of equations (6.17) and (6.18) are:
T (1)(r) =
P
piR2 (h+ jωcts)
+A1I0
(
r
√
h+ jωcts
kts
)
+ (6.23)
+B1K0
(
r
√
h+ jωcts
kts
)
, and
T (2)(r) = A2I0
(
r
√
h+ jωcts
kts
)
+B2K0
(
r
√
h+ jωcts
kts
)
, (6.24)
where I0 and K0 are the modified Bessel functions of the first and second order.
Equations (6.19) and (6.20) require that B1 = 0 and A2 = 0. After differentiating
equations (6.21) and (6.22) at the boundary r = R, one can get:
dT (1)
dr
∣∣∣∣
r=R
=
√
h+ jωcts
kts
· I1
(
R
√
h+ jωcts
kts
)
·A1, (6.25)
dT (2)
dr
∣∣∣∣
r=R
= −
√
h+ jωcts
kts
·K1
(
R
√
h+ jωcts
kts
)
·B2. (6.26)
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From equations (6.21), (6.22), (6.25), and (6.26), we finally get
A1 = − P
piR2 (h+ jωcts)
K1 (ΩR)
K0 (ΩR) I1 (ΩR) +K1 (ΩR) I0 (ΩR)
, (6.27)
where Ω =
√
h+jωcts
kts
. Combining (6.23) and (6.27), temperature T1 is given by:
T (1) =
P
piR2 (h+ jωcts)
[
1− K1 (RΩ) I0 (rΩ)
K0 (RΩ) I1 (RΩ) +K1 (RΩ) I0 (RΩ)
]
.
(6.28)
The thermal impedance can be calculated as:
Zth =
T (1)
P
⇒
Zth =
1
piR2 (h+ jωcts)
[
1− K1 (RΩ) I0 (RΩ)
K0 (RΩ) I1 (RΩ) +K1 (RΩ) I0 (RΩ)
]
, (6.29)
assuming that the temperature at r = R gives a good approximation of the max-
imum temperature of the heat source Tmax. Returning to the analysis of the one-
dimensional heat conduction in a multilayer structure, and the thermal impedance
boundary condition discussion, a similar to Epoxy1 (6.16) boundary condition at
x = c can be achieved combining (6.12), (6.13), and (6.29):
T3|x=c =− k3
dT3
dx
∣∣∣∣
x=c
· 1
h+ jωcts
· (6.30)
·
[
1− K1 (Rω) I0 (RΩ)
K0 (RΩ) I1 (RΩ) +K1 (RΩ) I0 (RΩ)
]
.
The system of equations to be solved, after the modification of the bound-
ary condition at x = c, is described by equations (6.1)-(6.3), (6.7)-(6.9), and the
boundary condition (6.30) at x = c. Solving this system, with the use of the def-
initions as given in Table 6.2, we get the complex thermal impedance plotted in
Fig. 6.6. The shape of the low frequency arc is altered and the high frequency
one is no more visible. The total thermal resistance has not changed much while
minimum value of the imaginary part of the impedance is half in size compared
to the SimpleModel results. This has a result an arc which does not resemble any
more a circular one but rather a half ellipse. The central frequency of the arc is
reduced but still of the same magnitude.
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Figure 6.6: Nyquist plot of the thermal impedance of a three-layered structure based on
the analysis of Epoxy2. The definitions are provided in Table 6.2
6.3.2.3 Method of images - Epoxy3
If we take into account the method of images, considering that the FR4 layer
is modelled as a infinite slab of thickness ts, the boundary condition of Epoxy1
equation (6.16) can be modified according the following analysis. In order to get
a better approximation of the slab of infinite dimensions in z and y direction, and
thickness ts in the x direction, a modified geometry is proposed. The source is
placed at the interface between two identical substrates. The rear surface of these
layers are considered to be adiabatic. To achieve symmetry, the coordinate axis’
origin is chosen at the centre of the heat source.
x
dT/dx =0
ts
2R
P P P P P
Images of the original 
heat source
Figure 6.7: Epoxy3. Multiple point images of the original heat source
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The boundary conditions can be taken into account by the use of the method of
images together with the superposition theorem. We consider images of the circu-
lar shaped heat source at distances ±2nts as in Fig. 6.7. This way, the boundaries
at x′ = ts, and x′ = 0 can be treated as adiabatic. Simplifying the problem fur-
ther, one can assume that the image heat sources can be approximated by point heat
sources. The temperature at distance w from the point heat source in an infinite
medium is given by [6.31]:
T (w) =
P
4pik4w
e
−
√
jωc4
k4
w
. (6.31)
The temperature on the original heat source at x′ = 0 due to the image heat sources
can then be written as:
Timage(jω) =
∞∑
n=1
2P
4pik42nts
e
−
√
jωc4
k4
2nts . (6.32)
The total thermal impedance can then be expressed as the sum of the original
temperature caused by the circular surface shaped heat source on top of the semi-
infinite medium, and the temperature evaluated by the method of images [6.32].
The corrected thermal impedance Z(new)th is given by (6.33):
Z
(new)
th =
T
P
= Z
(old)
th +
∞∑
n=1
2
4pik42nts
e
−
√
jωc4
k4
2nts , (6.33)
where Z(old)th is the original thermal impedance of the circular shaped heat source
on the semi-infinite medium (Epoxy1). Similarly to Epoxy1 (6.16) boundary con-
dition, the boundary condition at x = c turns to the following equation:
T3(jω)|x=c = −pik3R2
dT3(jω)
dx
∣∣∣∣
x=c
[
1
2pik4R
(
1+R
√
jωc4
k4
) (6.34)
+
∑∞
n=1
1
4pik4nts
e
−
√
jωc4
k4
2nts
]
In order to simplify the analysis, only the first few terms (n = 1, 2, 3, 4) were
picked from the infinite summation of equation (6.33):
1. the one-term approximation of the boundary condition is
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T3(ω, c) = −k3piR2 dT3
dx
∣∣∣∣
x=c
 1
2pik4R
(
1 +R
√
jωc4
k4
) (6.35)
+
1
4pik4ts
e
−2ts
√
jωc4
k4
]
,
2. the two-terms boundary condition approximation is
T3(ω, c) = −k3piR2 dT3
dx
∣∣∣∣
x=c
 1
2pik4R
(
1 +R
√
jωc4
k4
) + (6.36)
+
1
4pik4ts
(
e
−2ts
√
jωc4
k4 +
1
2
e
4ts
√
jωc4
k4
)]
,
3. the-three terms boundary condition approximation is
T3(ω, c) = −k3piR2 dT3
dx
∣∣∣∣
x=c
 1
2pik4R
(
1 +R
√
jωc4
k4
)+ (6.37)
+
1
4pik4ts
(
e
−2ts
√
jωc4
k4 +
1
2
e
4ts
√
jωc4
k4 +
1
3
e
6ts
√
jωc4
k4
)]
,
4. and finally the four-terms boundary condition approximation is
T3(ω, c) = −k3piR2 dT3
dx
∣∣∣∣
x=c
 1
2pik4R
(
1 +R
√
jωc4
k4
) + 1
4pik4ts
·
·
(
e
−2ts
√
jωc4
k4 +
1
2
e
4ts
√
jωc4
k4 +
1
3
e
6ts
√
jωc4
k4 +
1
4
e
8ts
√
jωc4
k4
)]
.
(6.38)
The results of the analysis proposed by model Epoxy3 are presented in Fig. 6.8
and discussed in detail in the next paragraphs.
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Figure 6.8: Nyquist plot of the thermal impedance of a four-layered structure based on the
analysis of Epoxy3, Epoxy2 and Epoxy1 (6.3.2.3, 6.3.2.2 and 6.3.2.1 respectively). The
definitions are provided in Table 6.2
Results - Heat spreading in the Epoxy models comparison. The effects of the
thermal impedance boundary condition introduction to the system of heat diffu-
sion equations for the multi-layered structure are discussed here. A three-layered
system with the Epoxy1 thermal impedance boundary condition was examined.
This is the system of equations described in section 6.3.2.1 (equations (6.1)-(6.3),
(6.7)-(6.9), and equation (6.16)). In subsection 6.3.2.2 and model Epoxy2, the ther-
mal boundary condition takes into account radial heat spreading in the epoxy FR4
board (Epoxy2, equation (6.16) replaced by (6.30)). Finally, the effect of the appli-
cation of modified thermal boundary impedance by the use the method of images
is also examined in section 6.3.2.3 and model Epoxy3 (equation (6.16) replaced by
(6.35), (6.36), (6.37), (6.38)).
In Fig. 6.8 one can see the thermal impedance Nyquist plot of the temperature
calculated on top of the paint layer. The definitions of the test scenario are given
in Table 6.2. One can observe that the thermal impedance plot consists of one arc
for all the different scenarios, apart from SimpleModel. The size ratio between the
high and low frequency arcs of the plots is to big for the high frequency arc to be
noticed in the figure. As more image terms are included in the analysis, the centre
of the arc is shifting to the right and the frequency corresponding to it is reducing.
It is obvious that the thermal resistance is also increasing. The shape of the arc
in the case of the Epoxy3 modification of the initial SimpleModel set of equations
is closer to the shape of the low frequency arc of the experimental measurements
Nyquist plot in Fig. 5.10. Epoxy3 modifications are though later on neglected as
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they were found out to be rather demanding computationally and they could not
calculate the values of the complex thermal impedance at higher frequencies. In
the next section, further modifications of the original SimpleModel equations are
proposed. Heat spreading within the silicon layers in lateral to the one considered
till now dimensions will be examined.
6.3.3 Heat flow through the silicon and the silicon oxide layers
- Heat spreading in more directions
In the preceding analysis, the differential equation system only takes in to account
one-dimensional heat spreading. Certain modifications are proposed so as to take
into account the bigger volume and better conductivity of the silicon layer. First
of all, a change in the thermal conductivity for the first two layers is proposed.
Then, a more sophisticated modification of the differential equation (6.3) in the
third layer (SimpleModel) is proposed in order to take into account a spreading at
different angles in the silicon layer (Fig. 6.9).
S1
S2
x
0
φ
φ
P
(a) (b)
Figure 6.9: Silicon1, Silicon2. (a) Spreading in lateral directions at an angle φ for a
square heat source of surface S1 (b) Cross sectional view
6.3.3.1 Surface fraction modification of the thermal conductivity of the lay-
ers closer to the heat source - Silicon1
In order to model the spreading of the heat in directions lateral to the one supposed
in the one-dimensional analysis presented earlier (SimpleModel-Epoxy3), the ther-
mal conductivities of the materials are modified according to a surface fraction
parameter. Considering a spreading of the heat at a certain angle, it is possible
to assume that closer to the heat source, the heat flux is restrained to a smaller
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volume (Fig. 6.10). According to the electrical and thermal analogy paradigm
(section 4.1), this restriction of the heat flux implies that the thermal resistance for
volumes closer to the heat source is increasing. This difficulty in the spreading of
the heat in the vicinity of the heat source can be modelled as decreased thermal
conductivity of the layers closer to the heat source.
Assuming that the flux in each layer is homogeneous, the thermal resistance of
each layer rl can be modelled as
rl =
1
klSl
, (6.39)
where l is the identifier of the layer, k is the thermal conductivity, and S is the
surface of the layer. As long as all the layers are considered to have the same
surface, we can follow the analysis presented in previous section. Although, as
soon as the heat flow in lateral dimensions needs to be taken into account, we can
model the difficulty that the flux encounters as a reduced surface of the layers close
to the heat source. This leads to a need to modify the thermal conductivity used
the equations (6.1) - (6.9).
S
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Figure 6.10: Silicon1, Silicon2. Thermal resistance of layers with different cross sectional
surfaces
The thermal resistance of the layers closer to the heat source as deduced by
equation (6.39) is bigger. It is possible to model that behaviour reducing the ther-
mal conductivity of each layer by a factor equal to the fraction of the surface of the
layer Sl after considering the fixed-angle spreading to the surface before. Thus,
we have
k′1 = k1
S1
S2
, (6.40)
k′2 = k2
S1
S2
, (6.41)
k′3 = k3, (6.42)
where k′l is the new value of the thermal conductivity for each layer (1, 2, 3), S1
is the surface introduced to the heat flux according to the assumption in figure 6.9,
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and S2 is the surface introduced to the heat flux at layers further away from the
heat source. S2 is also the surface of each layer before considering the fixed angle
heat spreading.
Therefore, complying with the assumption that a one-dimensional heat spread-
ing model can be used to model the complexity of heat dissipation in multilayer
structures, the one-dimensional spreading model can incorporate the increase of
the thermal resistance due to the fixed-angle heat spreading by modifying the ther-
mal conductivities of the layers closer to the heat source.
As presented in Fig. 6.9, the surface of the heat source S1 is smaller than
the surface S2 of the interface boundary between the Si and the FR4 board. The
thermal conductivity of the first two layers (paint and SiO2 layer) is multiplied by
a fraction S1/S2. Thus, the conduction in the first two layers is not that strong
as in the Si layer. The heat is spreading in lateral directions and therefore has
more space to dissipate to in the Si layer than in the first two layers. Taking into
account (6.41)-(6.42), we get the modified system of differential equations is given
in (6.43)-(6.51).
jωc1T1 − k1 s1s2 d
2T1
dx2 = 0 (6.43)
jωc2T2 − k2 s1s2 d
2T2
dx2 = 0 (6.44)
jωc3T3 − k3 d2T1dx2 = 0 (6.45)
B.C.:
h T1|x=0 − k1 s1s2 dT1dx
∣∣
x=0
= 0 (6.46)
T1|x=a = T2|x=a (6.47)
k1
s1
s2
dT1
dx
∣∣
x=a
− k2 s1s2 dT2dx
∣∣
x=a
= 0 (6.48)
T2|x=b = T3|x=b (6.49)
k2
s1
s2
dT2
dx
∣∣
x=b
= k3
dT3
dx
∣∣
x=b
(6.50)
T3(ω, c) = −k3piR2 dT3dx
∣∣
x=c
1
2pik4R
(
1+R
√
jωc4
k4
) (6.51)
Results In Fig. 6.11, the thermal impedance Nyquist plot of a system where
surface fraction parameter (Silicon1) is introduced. The surface S1 is considered
equal to pi · R2source, where Rsource = 80 µm is the radius of the source. The
surface S2 is assumed to be equal to pi ·R2sink, where Rsink = 1 mm is the radius
of the Si/FR4 interface (if considered as circular). The system of equations used
are (6.43) to (6.51), taking into account equation (6.38) - the 4th image term of
section 6.3.2.3 (Epoxy3-Silicon1). The definitions of the test cases are given in
Table 6.3. The differentiating factor among these cases is the thickness of the
paint layer.
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Model model A model B model C model D
kSiO2 [W/m·K] 1.39 1.39 1.39 1.39
paint thickness [µm] 1 5 10 35
ω1 [Hz] 0.0091 0.0086 0.0083 0.0073
ω2 [Hz] 50.93 13.85 5.78 0.509
Table 6.3: Modifications of the model properties for the Fig. 6.11. Surface fraction
Silicon1 modification of the differential equations system. ω1 and ω2 are the central
frequencies of the Nyquist plot’s left and right hand arc respectively.
As the value of the thickness increases, the shape of the arc on the right side of
the plot alters, grows in size, and its centre moves to the right of the real part axis.
In addition, the frequency corresponding to the central point is diminishing with
the increase of the paint thickness. It is obvious that all the graphs plotted in Fig.
6.11are closer to the shape of the arcs in Fig. 5.10 than the ones plotted in Fig. 6.8
where no angular heat spreading in considered.
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Figure 6.11: Nyquist plot of the thermal impedance of a four-layered structure based on
the analysis of 6.3.3.1 and 6.3.2.1 - Epoxy1-Epoxy3-Silicon1. The definitions are provided
in Table 6.3.
6.3.3.2 Fixed-angle heat spreading - Silicon2
There has been several publications concerning the fixed-angle heat spreading
[6.4–6.7]. For example in the work of Vermeersch [6.4, 6.5], the heat is con-
sidered to be spreading at a certain angle φ, as shown in Fig. 6.12.b. This way,
the heat flow is assumed to be confined by a pyramidal body. The most common
practice has been the use of a spreading angle of 45◦. Different variations of the
fixed angle have been used in the literature. There has also been application of the
method on multilayer bodies [6.33, 6.34].
The heat conduction is assumed to be one-dimensional, while the cross section
of the heat flow path is dependant on the distance from the heat source (Fig. 6.12):
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Figure 6.12: Silicon1, Silicon2. (a) Spreading in lateral directions at an angle φ for a
square heat source of surface S1 (b) Cross sectional view
A(x) = (x+ δ)2
β2
δ2
, (6.52)
where x is the distance from the boundary between the silicon dioxide layer and
the silicon layer, β is the dimension of the square heat source, and δ is given by
the equation:
tanφ =
β
2δ
. (6.53)
The interface between the FR4 board and the silicon layer is considered at constant
temperature T3(c). Working in the frequency domain, the heat diffusion equation
can be described by means of the equivalent electrical network. The structure is
divided in elementary slices, each of them at depth x, and of thickness ∆x. Each
slice is characterized by a capacitance c˙(x)∆x and resistance r˙(x)∆x. The values
of r˙(x) and c˙(x) are described by the following equations:
r˙(x) =
1
k ·A(x) , c˙(x) = cv ·A(x),
leading to:
r˙(x) =
δ2
k (x+ δ)
2
β2
, c˙(x) = cv (x+ δ)
2 β
2
δ2
. (6.54)
The analogy with the electric circuit describing the thermal one, taking the limit at
∆x→ 0, leads to the differential equation for the heat diffusion:
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−dQ
dx
= jωc˙(x)T (x), (6.55)
−dT
dx
= r˙(x)Q(x). (6.56)
Finally, the heat equation is given by:
k (x+ δ)
2 d
2T
dx2
+ 2k (x+ δ)
dT
dx
− jωcv (x+ δ)2 T (x) = 0, or
jωcv (x+ δ)
2
T (x)− k d
dx
[
(x+ δ)
2 dT
dx
]
= 0. (6.57)
Returning the problem and the corresponding conventions discussed previously,
the diffusion equation of the third layer can be written as:
jωc3 (x+ δ)
2
T3 − k3 d
dx
[
(x+ δ)
2 dT3
dx
]
= 0. (6.58)
The equation is also valid for the case of circular heat sources as the analysis
would be the same with the mere modification of A(x) = pi/4 · (x+ d)2 · tan2 φ.
In order to distinguish this approach from the one presented in the next paragraph,
we would use the convention Silicon2a for the one just presented and the name
Silicon2b for the other.
If the spreading angle φ used is quite large, and the dimension γ (the side of
the square whithin which the heat spreading takes places, Fig. 6.9) of the layer
in which the spreading takes place is small enough (tanφ > γ/2 (x+ δ)), the
thickness of the layer can be divided in two, leading to two separate layers which
are being processed differently. The first one is described by a diffusion equation,
as the one proposed in (6.58), and the second layer is processed exactly as the
layers where the heat conduction is one-dimensional:
jωc3 (x+ δ)
2
T3 − k3 d
dx
[
(x+ d)
2 dT3
dx
]
= 0, b < x < c′, (6.59)
jωc3T4 − k3 d
2T4
dx2
= 0, c′ < x < c, (6.60)
where c′ = (x+ δ) tanφ. At the boundary x = c′, the boundary conditions at
x = c′ are:
T3|x=c′ = T4|x=c′ , and k3
dT3
dx
∣∣∣∣
x=c′
= k3
dT4
dx
∣∣∣∣
x=c′
. (6.61)
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Results: Epoxy1 (heat spreading in semi-infinite medium) - Silicon2 (fixed angle
spreading). The results of the use of model Silicon2 - (fixed angle heat spread-
ing) in combination with the modifications introduced by Epoxy1 - (Semi-infinite
medium) are discussed in this subsection. The test scenarios that were examined
are described in Table 6.4. For all the studied cases the thermal conductivity of the
silicon oxide layer is assumed to be equal to kSiO2 = 1.39 W/m·K. The angle of
heat spreading ranges from 45◦ to 80◦. Thus, both systems described in section
6.3.3.2 (equations (6.58):Silicon2a - (fixed angle spreading in 1 layer) and (6.59)-
(6.61):Silicon2b - (fixed angle spreading in 2 layers)) were deployed. The results
of the dynamic thermal analysis are presented in the form of Nyquist plot in Fig.
6.13.
Fig. Model kFR4
paint
tanφ Rsink ω1 ω2thickness
[W/m·K] [µm] [mm] [Hz] [Hz]
6.13.a
s1 0.5 15 1 1 491.79 0.084
s2 0.5 30 1 1 141.65 0.075
s3 0.5 5 1 1 2228 0.074
6.13.b
s1 0.5 15 1 1 491.79 0.084
s4 0.5 30 1.5 1 114.6 0.075
s5 0.5 30 2 1 156 0.068
6.13.c
s6 0.25 30 1.5 1 151.2 0.038
s7 0.25 30 1.5 0.605 151.2 0.095
s8 0.25 30 1 0.43 151.2 0.146
s9 0.5 30 1 0.43 141.65 0.398
6.13.d
t1 0.25 30 3 1 151.2 0.025
t2 0.25 30 3.4 1 151.2 0.034
t3 0.25 30 3.8 1 155.97 0.033
t4 0.25 30 5.4 1 154.4 0.031
Table 6.4: Modifications of the model properties for the Figures. 6.13.a, .b, .c, and .d;
.a-.c) Silicon2a-Epoxy1. Fixed angle heat spreading modification of the differential
equations system. ω1 and ω2 are the central frequencies of the Nyquist plot’s left and right
hand arc respectively. .d) Silicon2b-Epoxy1. Larger angle heat spreading modification of
the differential equations system.
Figures 6.13.a, .b, .c consider one-layer heat spreading in the silicon layer
according to equation (6.58):Silicon2a. The system of equations becomes (6.1),
(6.2), (6.58), and (6.6)-(6.9).
Paint thickness: In Fig. 6.13.a, the factor that is parametrized is the thick-
ness of the paint layer. We can see clearly that the shape of the arcs is not affected
by the change of the material property. There is a small change in the size and the
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Figure 6.13: Nyquist plot of the thermal impedance of a four-layered structure based on
the analysis of 6.3.3.2 and 6.3.2.1; Silicon2a-Epoxy1. The definitions are provided in Table
6.4. a) Paint cover thickness impact on the thermal behaviour. b) Impact of the heat
spreading angle change. c) Impact of the Rsink modification. d) Larger angle heat
spreading
positioning of the left-hand arc as the thickness is changing. On the contrary, the
frequency corresponding to the central point of the arc (just below the centre of
the first arc) is increasing dramatically. This is mainly due to the fact the smaller
thickness means less volume of paint material which acts as ”buffer” for the heat
dissipation towards the upper surface of the structure.
Spreading angle: The behaviour of the thermal impedance plot as the heat
spreading angle is altered is studied also. In Fig. 6.13.b, the spreading angle takes
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values in the range from 45◦ to 63◦. This change mainly affects the size of the
right hand arc of the plot. The thermal resistance of the whole structures is getting
smaller due the better heat spreading through the device.
Radius of the heat sink Rsink: The radius Rsink is altered in the cases pre-
sented in Fig. 6.13.c. Lets consider the change of the surface through which the
heat spreading takes place at the Si/FR4 interface as the spreading angle is mod-
ified. Comparing the test cases s6 and s7, one can observe that after introducing
the change in Rsink, the thermal resistance of the structure is improved as the
right hand arc of the plot is reduced in size. Adding to that, comparing the two
test cases s8 and s9 we can see the impact of the thermal conductivity of the FR4
epoxy board on the total thermal resistance.
Larger spreading angles Silicon2b: Figure 6.13.b presents the results that
derive from the analysis that takes into account larger spreading angles. The set of
differential equations implemented is modified by the equations given in section
6.3.3:Silicon2b. It is now discribed by (6.1), (6.2), (6.59)-(6.61), and (6.6)-(6.9).
The modifications of the models’ parameters are also presented in Table 6.4. Ap-
parently, there is a limit beyond which the change in the spreading angle has almost
no impact in the modelled thermal behaviour.
In all the test scenarios presented in this subsection, we can see that there is
an improvement when comparing to the figure of the experimental measurements
Nyquist plot in Fig. 5.9 and the results provided by the previous section (model
Silicon1 - (surface fraction modification of the thermal conductivity)). The main
discrepancy is yet the central value of the high frequency arc and the overall value
of the thermal resistance. The right hand side arc of the Nyquist plots has though
similar central frequencies to that of the experimental measurements Nyquist plot.
Taking the analysis further, in the next subsection the modification of the original
set of equations introduced by model Epoxy2 - (Radial spreading in slab of finite
thickness) is also taken into account.
Results: Epoxy2 (radial spreading in slab of finite thickness) - Silicon2 (fixed
angle spreading). Finally, the FR4 board was modelled as a thin fin, where radial
heat spreading is taking place. The introduced boundary condition describing this
behaviour is presented in section 6.3.2.2; Epoxy2. The fixed-angle heat spreading
in the silicon layer is also taken into account. The system of equations describ-
ing the heat transfer in the structure becomes (6.1), (6.2), (6.58), (6.6)-(6.9), and
(6.30). In Table 6.5 the properties of the test scenarios examined are described. In
all the scenarios presented in this subsection the thickness of the paint is considered
40 µm. The complex thermal impedance on top of the paint layer as calculated by
the proposed analysis is depicted in Fig. 6.15.
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SiO2 layer thickness: In Fig. 6.15.a, the thickness of the SiO2 layer is vary-
ing from 2 to 4 µm. As the thickness of the silicon dioxide is increases, the high
frequency arc which lies closer to the imaginary axis, is growing in size shifting
the hole plot to the right. The central frequency of the same arc is decreasing.
k
Cu
Epoxy tepo
tcukcu
kepo
k T
II
Figure 6.14: Thermal conductivity of composite two-layered body
FR4 conductivity: In Fig. 6.15.b and 6.15.c, the thermal conductivity of the
FR4 board is altered, leading to a change in the size of the low frequency arc. The
central frequency of the large arc is decreasing due to this change in the thermal
conductivity. As discussed in section 5.3, the values of unfilled epoxy thermal
conductivity provided by the literature are lower than the ones used in the work of
Dean [6.35]. The epoxy board though is covered partially with a layer of copper
which is eventually altering the thermal conductivity of the combined body.
Consider a two layer body consisting epoxy and copper as in figure 6.14. The
thermal conductivity in vertical direction k⊥ can be considered k⊥ = 0.2 W/m·K
due to the fact that the thickness of the copper layer is far smaller than the that of
epoxy. The thermal conductivity in the other direction k‖ is given by equation:
k‖ =
kcutcu + tepokepo
tcu + tepo
(6.62)
where k is the thermal conductivity, and t is the thickness of copper (cu) and of
epoxy (epo). As the thickness tcu is much smaller than tepo, equation (6.62) can
be rewritten as:
k‖ = kepo +
tcu
tepo
kcu. (6.63)
The value of k‖ is calculated as k‖ = 6.2 W/m·K, assuming a thickness of 2 cm
for the epoxy, and 0.3 mm for the copper layer. The thermal conductivity used
for copper is kcu = 400. The FR4 board is not fully covered and thus the thermal
conductivity can be approximated with a value much lower than the one presented.
The combined thermal conductivity of the body is higher than the value provided
by Dean [6.35].
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Fig. Model kFR4 tanφ
SiO2 Rsink ω1 ω2thickness
[W/m·K] [µm] [mm] [Hz] [Hz]
6.15.a
w1 1 2.06 2 0.8 106.6 0.019
w2 1 2.06 2.5 0.8 101.9 0.022
w3 1 2.06 3 0.8 103.5 0.022
w4 1 2.06 4 0.8 100.3 0.022
6.15.b w2 1 2.06 2.5 0.8 101.9 0.022w5 0.5 2.06 2.5 0.8 105 0.016
6.15.c
w6 0.25 2.6 5 1 49.3 0.0065
w7 0.25 2.06 5 1 49.3 0.0068
w8 0.25 2.06 5 0.8 47.75 0.0094
w9 0.25 2.06 4 0.8 49.34 0.0088
Table 6.5: Modifications of the model properties for the Fig. 6.15;
Epoxy1-Epoxy2-Silicon2a. Radial heat spreading (through the FR4 board) modification of
the differential equations system. ω1 and ω2 are the central frequencies of the Nyquist
plot’s left and right hand arc respectively.
Heat spreading angle: The effect of the heat spreading angle change, com-
bined with the corresponding modification of theRsink is examined in Fig. 6.15.c.
The change of the SiO2 layer thickness causes a reduction in the radius of the high
frequency arc (w9∼w8). Merely the change of the heat spreading angle from 2.6,
to 2.06 leads to an almost doubling of the thermal resistance (w6∼w7). This con-
firms what is already noticed in Fig. 6.13.b. On the contrary, if the corresponding
reduce of the Rsink value is taken into account, then the radius of the arc is still
increasing in size but the change is not that dramatic (w6∼w8).
What is altered with the introduction of the radial heat spreading in the epoxy-
FR4 board is the shape of the low frequency arc of the Nyquist plot. This arc does
not any more resemble a circular arc but is closer to the shape of the Nyquist plot
in Fig. 6.16 (the figure is the same as Fig. 5.10 but is reproduced here to ease the
comparison). One should notice that choosing a larger value for the paint layer
thickness (40 instead of 30 µm) gives better results as the size of the left hand
high frequency angle of the Nyquist plot is reduced to values closer to the ones
of the experimental measurements Nyquist plot. In addition, larger spreading an-
gles seam to provide also better results in terms of thermal resistance (see Figures
6.13.b-.c and 6.15.c). Furthermore, the central frequency of the right hand arc of
the theoretical analysis Nyquist plots is in the same range as the these of the exper-
imental results. On the contrary, in most of the theoretical results Nyquist plots,
the fast transient arc central frequency is one order of magnitude larger than the
experimental ones.
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Figure 6.15: Nyquist plot of the thermal impedance of a four-layered structure based on
the analysis of 6.3.2.2, 6.3.3.2, and 6.3.2.1; Epoxy1-Epoxy2-Silicon2a. The definitions are
provided in Table 6.5. a) SiO2 thickness impact on the thermal behaviour, b) impact of the
FR4 conductivity, and c) the impact of the coupled Rsink and heat spreading angle
modification.
6.4 Conclusions
In this chapter, there has been an attempt to model the dynamic thermal behaviour
of planar spiral inductors integrated on silicon. The main purpose of the work
carried out was to evaluate the dynamic thermal behaviour from thermographic
measurements presented in chapter 5 against analytical modelling results. The
proposed models were based on simple one-dimensional set of diffusion equations
representing the thermal network of the complex structure of the silicon die.
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Figure 6.16: Nyquist plot the thermal impedance of a) 1st, b) 2nd, and c) 3rd inductor
integrated on the epoxy-FR4-mounted silicon wafer
A simple analytical model of the heat transfer throughout the device’s thermal
network is taken into account. Further simplifications are taken into account in
order to approximate the experimental measurements. The system of equations is
reduced as the fourth differential equation (6.4) and the corresponding boundary
conditions of SimpleModel are replaced by a simple differential equation, substi-
tuting the fourth layer by semi-infinite medium. The following correction of this
approach with the introduction of multiple heat source images is improving the
shape of the Nyquist plot in comparison to the experimental measurements (Fig.
6.8).
Spreading into lateral directions is also taken into account through the use of
fixed-angle heat spreading and the introduction of a modification of the thermal
conductivity of the layers in the vicinity of the heat source by a surface fraction
parameter. The implementation of angle heat spreading is improving largely the
results of the modelling. The size ratio of the high (small arc) and low (big arc)
frequency arc of the Nyquist plot is improved after the correction, verifying the
experimental measurements. Considering larger spreading angles, the behaviour
of the model is getting closer to the actual measurements. The central frequency
of the high frequency arc though, was not possible to be approximated correctly
(Fig. 6.13).
Furthermore, a modification of the model for the FR4 board was also con-
sidered. The exact values of the material properties were not known exactly but
roughly approximated. The proposed rectifications reduced the central frequency
of the Nyquist plot’s bigger arc, corresponding to the later stages of the transient.
Also, corrections concerning the value of thermal conductivity of the FR4 board
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rendered possible the approximation of the experimental results, as regards the
total thermal resistance Rth of the model.
The thickness of the multiple layers of the model were considered known.
Yet, the rough simplifications followed during the analysis rendered impossible
the close agreement of the modelling results and the exact experimental measure-
ments. The heat source was considered continuous, homogeneous and planar,
while in reality the metal inductor acting as a heat dissipater is not continuous
but consists of a number of windings. Thus, in order to reduce the size of the
right-hand Nyquist plot arc corresponding to the early stages of the transient, the
decrease of the SiO2 layer below the heat source led to closer agreement with the
experiments.
Finally, it should be noted that the inductors were wire bonded to the copper
connectors used to supply the inductors with the DC step signal. Those connec-
tions also contribute to the thermal network, providing a high thermal conductive
path to a heat sink. The contribution of these thermally conductive short cuts was
neglected.
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Overall Conclusion
As mentioned in the introduction, this work is mainly focused on the thermal be-
haviour of planar integrated spiral inductors on silicon. The thermal behaviour of
these devices has been studied in the steady state, as well as dynamically. The
steady state temperature profile has been calculated and the thermal resistance has
been extracted for different inductors, but what is more important is that the dy-
namic approach let us envision more information concerning the devices thermal
characteristics. The powerful tool of thermal impedance has been used throughout
this work to capture that information. The AC analysis is introduced to charac-
terize the surface temperature profile of the inductors at different stages of their
transient as the heat is induced by sinusoidal electric signals. In addition, further
simplifications have been paired with the AC analysis in order to ease the dynamic
thermal modelling of such complex devices as the inductors.
7.1 Major Achievements
Summarizing the major accomplishments of this work we have the following list:
Steady state temperature profile analytical calculation
An analytical solution to the temperature distribution problem is achieved after
some crucial assumptions have been made in order to simplify the thermal network
of the devices. This way the major thermal resistance paths were examined and
identified. The results of the analysis are compared with experimental infrared
7-2 CONCLUSION
measurements and numerical results.
The analysis neglects initially the insulating SiO2 path that lies between the
metal interconnects and the underlying silicon substrate, leading to greater than
the experimentally measured temperature differences. In addition, the paint coat-
ing, which is used as emissivity correction for the IR measurements, is also disre-
garded in the first approach. Through the analysis, it is proved that the insulating
SiO2 layer is hindering the heat abduction causing an increase to the thermal re-
sistance value of the inductors. Furthermore, it is also shown that the temperature
differences measured by means of infrared thermography have to be compensated
for the type of coating used for emissivity correction.
Current distribution of circular planar inductors
A Fredholm integral equation technique is introduced in order to calculate the
current distribution in circular planar inductors. The integral equation system is
solved semi-analytically and a numerical solution of the current distribution prob-
lem is produced for a range of frequencies of the sinusoidal electric signal exciting
the inductors. The geometry of the inductors is reduced by axial symmetry, and a
one-dimensional solution is produced assuming that for the range of frequencies
examined the skin depth is smaller than the thickness of the inductor. The results
seem to confirm other approaches presented in the literature and the proximity ef-
fects become dominant in formatting the current distribution within the turns of
the inductor.
Numerical calculation of planar inductors thermal impedance
The numerical current distribution solution for circular planar inductors is fed di-
rectly to a numerical solver for the thermal problem as heat excitation. The prob-
lem is formulated for a SPICE equivalent network simulator as two-dimensional,
making use of similar symmetry assumptions as the ones used for the formula-
tion of the current distribution problem approximation. The solution produced de-
scribes the thermal behaviour of the inductors’ thermal network directly in the fre-
quency domain unlike other commercial software. This way, the thermal impedance
and the spatial temperature distribution can be studied without the need of extract-
ing the thermal impedance from temperature responses in the time domain.
As the frequency of the sinusoidal electrical signal exciting the inductors, pro-
ducing eventually the heat, is increasing, we can observe that the temperature dis-
tribution as well as the thermal impedance of the samples is altering. The topog-
raphy of the heat source due to the proximity effects introduced by the electrical
signal frequency increase. This can be seen as a proof that the thermal behaviour
of the inductors is not consistent, but is modified as the electrical behaviour of the
device changes.
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Analytical models for the thermal impedance of planar inductors
Infrared thermography measurements are performed on spiral planar inductors.
The specimens are excited by electric step signals and the temperature response
is measured by means of high speed infrared thermographic equipment. The tem-
perature response is then transformed to the frequency domain and represented as
Nyquist plots.
These results are then evaluated against simple analytical models. The mod-
elling attempt is based on one-dimensional analytical models of heat diffusion. In
order to achieve that, the geometries of the specimens were simplified as the com-
plexity of the thermal network is not easy to grasp with models based on simple
one-dimensional set of diffusion equations representing. Fixed-angle heat spread-
ing, method of images, and radial heat spreading approach have been introduced in
order to approximate the experimental results. While exact matching of the mea-
sured thermal impedance data with the outcome of the modelling approach due to
the complexity of the actual thermal network studied, it was possible to achieve a
close agreement.
7.2 Future Work
The thermal characterization of complex electronic devices is a tedious task and
with simplifications there always comes the risk of neglecting an important factor
shaping the properties of the thermal network of a device. We have spotted several
subjects that deserve further investigation.
Substrate losses - effects on the thermal behaviour of inductors
The impact of the proximity effects on the thermal behaviour of planar spiral in-
ductors was studied during this work. The topology of the heat source is modified
as the frequency of the electric current flowing through the turns of the inductor
is increased. What is not taken into account are the other loss mechanisms that
are described in the introductory chapter, namely the eddy and the displacement
currents in the substrate. These losses can modify further the geometry of the heat
source and therefore the thermal behaviour of the devices.
Analytical models of heat diffusion in planar integrated induc-
tors on silicon
The study of the heat diffusion in the thermal network of the integrated inductors
has proven that the complexity of the problem is hard to model, yet possible. Fur-
ther investigation is required as to recognize which are the most important factors
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that define the behaviour of the specimens. The research can be organized in or-
der to produce a map of the thermal impedance behaviour for devices that share
similar to the investigated inductors characteristics.
A
Appendix A
The equations (3.20) and (3.21) used for the non-diagonal elements cannot be used
for the diagonal elements due to the singular behaviour of the elliptic integral. Due
to the logarithmic nature of the singularity, integrating the fundamental solution
(3.15) over the interval of each element will eliminate the problem. We then have:
bii = 1 +
jωσµ0d
pi
∫ ri
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dr′ (A.1)
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where ri = (i− 12 )∆r +Rz . The previous equation can be easily transformed to:
bii = 1+
jωσµ0d∆r
2pi
∫ 1
0
[A1(ρ) +A2(ρ)] dρ, (A.2)
where A1(ρ) and A2(ρ) are given by the following equations:
A1(ρ) = K
(
1− ∆r
2ri
ρ
)
− E
(
1− ∆r
2ri
ρ
)
and
A2(ρ) =
(
1 +
∆r
2ri
ρ
)[
K
(
1
1 + ∆r2ri ρ
)
− E
(
1
1 + ∆r2ri ρ
)]
.
A-2 APPENDIX A
The transformations used for the first A1(ρ) and the second A2(ρ) interval are
ρ = 2(ri − r′)∆r−1 and ρ = 2(r′ − ri)∆r−1 respectively.
If the modulus of the elliptic integrals is close to unity, the approximations
(3.22) and (3.23) can be used. The terms containing powers of k′ higher than k′2
are neglected as their contribution can be considered minimal. These approxima-
tions lead to:
K(k)− E(k) = ln 4− 1− ln k′ − 1
4
ln
4
k′
k′2. (A.3)
The last term of equation (A.3) is also neglected as the limit limx→0 x2 ln 1x =
0. The value of k′ can be considered approaching zero, owing to the value of
∆rρ(2ri)
−1 being considerably small (see equations (A.5) and (A.6)). Therefore,
we can make use of the following approximation:
K(k)− E(k) ∼= ln 4− 1− 1
2
ln k′2. (A.4)
The modulus k for the first integral of (A.2) is given by:
k = 1− ∆r
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)
⇒
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as ln(1 + x) ∼= x for small values of x. Similarly, the modulus k of the second
integral is of the form:
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The diagonal elements are then approximated by:
bii = 1 +
jωσµ0d∆r
2pi
∫ 1
0
A(ρ)dρ. (A.7)
A(ρ) is derived from equation (A.2) with the use of (A.4), (A.5), and (A.6):
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After neglecting the terms including ρ2, one can get:
A(ρ) ∼=4 ln 2− 2− ln ∆r
ri
− ln ρ (A.9)
+
∆r
ri
(
ln 2− 1
4
ln
∆r
ri
)
− ∆r
4ri
ρ ln ρ.
Finally, one can get equation (3.25) after analytical integration of equation (A.9).
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Appendix B
If we consider the system of equations for a problem of an infinite surface heat
source dissipating heat on a one-layered rear-cooled substrate, we have:
jωcT − kd
2T
dx2
= 0, for 0 < x < a, (B.1)
hT − kdT
dx
= 0, at x = 0, (B.2)
hT + k
dT
dx
= P, at x = a, (B.3)
where a is the thickness of the layer, h is the heat transfer coefficient, k is the
thermal conductivity of the substrate, P is the power dissipated, and c the specific
heat capacity.
A general solution of the second-order partial differential equation is:
T = Ae
√
iωc
k x +Be−
√
iωc
k x, (B.4)
with A and B to be defined with the introduction of the boundary conditions (B.2)
and (B.3). The final solution for x = 0 is given by:
T (ω, 0) =
2p
√
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For the case of a three-layered structure, with the heat source at the infinite
interface between the first and the second layer at x = b. {k1, c1}, {k2, c2}, and
{k3, c3} are the material properties of the three layers respectively. P is the power
dissipated at the interface x = a. The equations describing the system are:
jωT1 − k1 d
2T1
dx2
= 0, (B.6)
jωT2 − k2 d
2T2
dx2
= 0, (B.7)
jωT3 − k3 d
2T1
dx2
= 0, (B.8)
B.C.:
h T1|x=0 − k1 dT1
dx
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x=0
= 0, (B.9)
T1|x=a = T2|x=a , (B.10)
k1
dT1
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∣∣∣∣x=a − k2 dT2dx
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x=a
= P, (B.11)
T2|x=b = T3|x=b , (B.12)
k2
dT2
dx
∣∣∣∣x=b = k3 dT3dx
∣∣∣∣
x=b
, and (B.13)
T3(ω, c) = 0. (B.14)
The general solution of all three (B.6), (B.7), and (B.8) are of the type (B.4). The
solution at x = 0 is given by:
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, with (B.15)
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,
Regarding more complex systems, as for example the system described in sec-
tion 6.3.3.2, the solution though it can be analytically calculated, presenting it in a
manuscript would prove infeasible.
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